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ABSTRACT

We present a deterministic algorithm to interpolate an m-
sparse n-variate polynomial which uses poly(n, m,log H, log d)
bit operations. Our algorithm works over the integers. Here
H is a bound on the magnitude of the coefficient values of
the given polynomial. The degree of given polynomial is
bounded by d and m is upper bound on number of mono-
mials. This running time is polynomial in the output size.
Our algorithm only requires modular black box access to the
given polynomial, as introduced in [12]. As an easy conse-
quence, we obtain an algorithm to interpolate polynomials
represented by arithmetic circuits.

Categories and Subject Descriptors

F.2.1 [Analysis of Algorithms and Problem Complex-
ity]: Numerical Algorithms and Problems— Computations
on polynomials; G.1.1 [Mathematics of Computing]: Nu-
merical Analysis—Interpolation

General Terms
Algorithms, Theory, Interpolation

Keywords

Polynomial interpolation; Black box interpolation; Arith-
metic circuits

1. INTRODUCTION

Polynomial interpolation has always been an important
problem in mathematics and computer science. Interpola-
tion techniques by Lagrange and Newton have been very
useful for interpolating univariate polynomials over fields of
characteristic zero. There also has been lot of work on in-
terpolating multivariate polynomials over fields of any char-
acteristic. Zippel [26] presented a randomized algorithm for
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polynomial interpolation. This inspired a lot of further re-
search for finding deterministic algorithms for polynomial in-
terpolation. An important technique for devising determin-
istic algorithms for polynomial interpolation was provided
by Grigoriev and Karpinski [14], in their work on finding
matchings for bipartite graphs having bounded permanent.
Ben-Or and Tiwari [6] developed a deterministic algorithm
for interpolating m-sparse multivariate polynomial in the
black-box model using the ideas of Grigoriev and Karpinski
[14]. This algorithm cleverly chooses the following points for
evaluation

(1, P2, - -, Pn)

where 4 is in range from 0 to 2m — 1 and p1, p2, ...,pn
are the first n primes. The algorithm by Ben-Or and Tiwari
uses m? (log2 m+lognd) ring operations and 2m evaluations
of the polynomial. But this operation count is in the alge-
braic RAM model and not in the traditional Turing model.
Kaltofen, Lakshman and Wiley [18] presented a modified
version of Ben-Or and Tiwari algorithm [6]. This algo-
rithm uses modular arithmetic to counter coefficient growth
in Ben-Or and Tiwari algorithm [6]. Interpolation over fi-
nite fields have proved to be more difficult because z¢ = x
in F;. Polynomial interpolation has been extensively stud-
ied over finite fields in [24, 15, 9]. Grigoriev, Karpinski
and Singer [15] devised the first NC algorithm for inter-
polating m-sparse polynomials over finite fields. Their al-
gorithm can be used to interpolate any m-sparse and n-
variate polynomial in O(log®(nm)) Boolean parallel time,
using O(n*m®log®(nm)) processors. Clausen, Dress, Grab-
meier and Karpinski [9] showed that the number of queries
to the black-box depends upon the degree of the extension
field in which we make queries. For finite fields, if the de-
gree of extension is equal to number of variables then we can
interpolate any m-sparse polynomial with m+1 queries. Kli-
vans and Spielman [19] discovered an algorithm for polyno-
mial interpolation over fields of large characteristic. Reader
should note that sparsity of the polynomial is very important
when considering interpolation. If number of monomials m
is large, then the description of the polynomial is also large.
Representing an m-sparse n-variate polynomial as sum of
monomials consumes O(m - (log H+nlogd)) space, H being
the bound on the magnitude of coefficient values and d being
the bound on the degree of every variable. So our algorithm
running in time poly(n, m,log H,logd), is really optimal in
the sense that the running time is polynomial in the output
size.



Kaltofen and Lee [17] gave an interpolation algorithm
which adapts to the degree or the number of monomials
when these are not given in the input. Avendafo, Krick and
Pacetti [4] studied sparse polynomial interpolation over Z[x]
and C[z]. They developed a new version of Newton-Hensel
lifting specifically for interpolation questions. For ¢-sparse
polynomial f € C[xz] represented by straight line programs
of length L, Avendano et al. [4] found an algorithm which
interpolates such f in time O(t*L). Also, they studied inter-
polation over (Z/pZ)[x]. Avendailo et al. [4] found an algo-
rithm which interpolates t-sparse polynomials in (Z/pZ)[z]
in time O((t*4p) log p). But this requires values of the poly-
nomial at special points {p}o<i<2¢, here p € Z is a primitive
root modulo p. Their new version of Newton-Hensel lifting
allows the interpolation over Z[z] from interpolation over
(Z/p)[a)

For the case of polynomials represented by straight line
programs, Garg and Schost [10] gave an algorithm which
uses poly(m,n,logd,!) ring operations, here [ is the size of
given straight line program. It was also shown in [10] that
when underlying ring is of integers, algorithm in [10] can be
modified to to obtain an interpolation algorithm which uses
poly(m,n,logd,l,log H) number of bit operations. Basic
idea in [10] is to evaluate the given straight line program
polynomial modulo xzP* — 1 for sufficiently many primes p;.
This can be done easily if every operation of given straight
line program is performed modulo z* — 1. This gives all the
exponents (modulo p;) of required polynomial. By apply-
ing Chinese remaindering on the polynomials whose roots
are exponents (modulo p;), we can compute the polynomial
whose roots are exponents of the given straight line program
polynomial. Factorization of this polynomial gives us all the
exponents. After that it is not hard to compute correspond-
ing coefficients. Note that this technique cannot be applied
for black-box polynomial interpolation.

Javadi and Monagan [16] modified Ben-Or and Tiwari
algorithm [6] for interpolating polynomials over rings with
characteristic p for any prime p.

Giesbrecht and Roche [12] studied polynomial interpola-
tion over a new black box model. We shall describe this
new modular black boz in the next section. For this black
box model, a polynomial time interpolation algorithm was
described in [12]. We also achieve polynomial running time.
The algorithm in [12] worked in 2 stages. In the first stage,
polynomial is interpolated modulo a lot of suitable primes.
In the second stage, these interpolated polynomials modulo
many suitable primes are used to construct a polynomial
whose roots are exponents of the polynomial given by the
black box. Then the factorization of this polynomial gives
the exponents of the required polynomial. Finding coeffi-
cients after finding the exponents is quite straightforward.
Giesbrecht and Roche [13] studied polynomial interpolation
over remainder black box which is somewhat similar to the
modular black box introduced in [12]. A Las Vegas random-
ized algorithm that uses fewer black box evaluations was
presented in [13] for this remainder black boz. Arnold, Gies-
brecht and Roche [2] devised a Monte Carlo algorithm for
interpolating polynomials represented by straight-line pro-
grams. The algorithm in [2] is more efficient than the ones
presented in [10] and[13] . Arnold, Giesbrecht and Roche
[3] devised a randomized algorithm for interpolating sparse
polynomials represented by straight-line programs over fi-

nite fields, which is faster than previous known algorithms.
As in case of [12], our algorithm also works in 2 stages. First
stage is quite similar to that of [12]. Our second stage uses
a novel idea different from [12].

1.1 New Black-box Model

Our algorithm uses access to the black-box in a new way.
This was introduced in [12] by the name of modular black
bozr. In the traditional black-box model we are given a
black-box which represents a polynomial P(z1, z2,...,Ts) €
Rlz1,x2,...,2zn], here R is the underlying ring. The black-
box takes a point (a1, az,...,a,) € R™ as input and returns
P(ai,az2,...,an) € R as output. Any interpolation algo-
rithm in this model asks for value of P at some set of points
and after that it has to output P as a list of coefficients
along with corresponding monomials.

(a1, az,...,an) I 1 P(ay,as,..., an)

| P(x1,22,. .., %)

Figure 1.1: Traditional Black-Box Model

As mentioned earlier, in our case R = Z. In our new
black-box model, there are two inputs instead of one. The
first input is same as the traditional model, i.e., a point

(a1,az2,...,an) € Z". The second input is a positive number
N € N*t. As an output, we get P(a1,a2,...,a,) mod N
instead of P(a1,az,...,an).

(a1, az,...,an) P(a1,az,...,a,) mod N

[Pz 79 2]
¥ Play,xy, ... 20)
Figure 1.2: Our Black-Box Model

This new black-box model is a very natural extension of
the traditional black-box model. The first reason for this
is that we do not get any extra information in this new
black-box model. The traditional black-box model can eas-
ily be simulated in this new black-box model, we just need to
choose N (in Figure 1.2) large enough. Or one can also use
Chinese remaindering to compute P(a1, a2, ..., a,) by com-
puting P(a1,a2,...,a,) mod N for many relatively prime
N. It is true even the other way round. We can easily
simulate this new black-box model by using the traditional
black-box model. Secondly, if we want to have an interpola-
tion algorithm which works in time sub-linear in the degree
d, then we cannot use the traditional black-box model. This
is because P(a1,az,...,ay) will have bit size of Q(d) almost
always. Lastly, this new black-box model is a generalized
version of arithmetic circuits. It is easy to simulate the new
black-box model when the polynomial is given as an arith-
metic circuit. We shall make this last point more precise in
Section 5.

1.2 Our approach

It is not at all trivial to see why this new black-box model
should help us to get faster algorithms for interpolation,
since the traditional black-box model has all the informa-
tion as the new black-box model. One thing that this new
black-box model has in its favor is the fact that by choos-
ing N (in Figure 1.2), we can control the size of output
returned by the black-box. Still, it is not clear how to use
this to devise faster interpolation algorithms. Apart from
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the fact that we can control bit length of output returned
by black-box, this new black-box model does not help at all.
We precisely use this feature of the new black-box model in
a novel way. Our approach has two main components. The
first component finds some relatively small prime number ¢
such that projection of the polynomial (which we are trying
to interpolate) in Fg,[x]/(2%° — x) has the same number of
monomials as the polynomial itself. For this, we cannot just
consider any prime. We shall use primes generated by arith-
metic progressions for this purpose. The second component
uses this prime go to find sufficiently many primes p of a
very special form. Primes p in this phase are also generated
by arithmetic progressions. But we choose these arithmetic
progressions in a subtle way so that computing the polyno-
mial from its projections in Fp[z]/(z” —z) (for many primes
p) is efficient. If we chose these primes p by some arbitrary
strategy then it would not be clear how to compute the poly-
nomial from its projections in Fj,[z]/(z? —z). Our novel way
of choosing these primes p in the second phase of our algo-
rithm, makes sure that it is easy to compute the polynomial
from its projections.

1.3 Organization of the paper

In the next section, we describe all the background needed
to understand the main algorithm of this paper. In section 3,
we describe our algorithm for interpolating univariate poly-
nomials. This algorithm forms the crux of this paper. Sec-
tion 4 describes how the algorithm for interpolation of uni-
variate polynomials can be used to interpolate multivariate
polynomials. Section 5 adapts the black-box algorithm to
arithmetic circuits.

2. PRELIMINARIES

In this paper, Z denotes the set of integers. N denotes
the set of natural numbers. NT denotes the set of positive
integers. [n] denotes the set {1,2,...,n}. We also use the
notation O(t) to denote the complexity O(t- (logt)°™M). Z,
denotes the quotient group Z/pZ. The degree of a poly-
nomial is defined as the maximum degree of any variable.
FP(z) denotes the polynomial F'(z) mod p. Note that F”(z)
is the projection of F(z) into F,[z]/(2? — x). More pre-
cisely, if F(z) = >, c;a® then FP(z) = > 7" (¢; mod

p)zi mod; (p—1)
Here ¢; mod p is the unique integer r € {0,1,2,...,p—1}
such that ¢; = kp + r for some integer k. Similarly for

a; mod (p — 1). More specifically, whenever the operator
“ mod N” appears in this paper for some positive number
N, we just think of the result of the operator as the remain-
der (a number in {0,1,2,..., N — 1}) when the operand is
divided by N. Operator mod; can be defined as follows.

b ifa#0and amodb=0

amody b = .
amod p otherwise

It is easy to see that if we interpolate F'(z) modulo a prime

p then we obtain FP(x) (due to Fermat’s little theorem).

Define F,(z) = 3.7, (¢; mod p)z®i ™4 =1 In the rest of

paper, we will always work with F,(x) for many primes p.

Whenever we say “time” in this paper, we mean the number
of bit operations.

Some of the techniques used in this paper can be attributed

to [7], hence some of the results in this section can also be

found in [7]. See also [21] for more details. We reproduce all

the main results below to make this paper self contained.

Fact 2.1. Any integer n > 1 has at most logn distinct
prime divisors.

Fact 2.2. The k-th prime number is of order O(klogk).

Using the same notation as in [7], let P(k) denote the
smallest prime number in the arithmetic progression {jk+1 |
j > 1}. Linnik’s Theorem gives an unconditional upper
bound on P(k).

Theorem 2.3 (Linnik’s Theorem [20]). There is a constant
L > 1 (called Linnik’s constant) such that P(k) < k™ for
every sufficiently large k > ko.

The current best upper bound for L is known to be 5
due to [25]. For a discussion on Linnik’s Theorem, reader is
referred to [22].

In the ensuing discussion, we would want that for different

primes q1 # g2, we get that P(q1) # P(g2). However this
may not be always true. But the following lemma makes
sure that P(q) cannot be the same for too many distinct
primes q.
Theorem 2.4 (Lemma 2 in [7]). Let ko be the constant
mentioned in Linnik’s Theorem above. Let q1,q2...,q, be
distinct primes of magnitude at least ko and p be the prime
such that Vi € [v] : P(q;) = p. Then, v <5.

We would need the following result about modular com-

putation. The reader is referred to [11] for details.
Fact 2.5 (COROLLARY 4.7 in [11]). One arithmetic op-
eration, that is, addition, multiplication, or division by an
invertible element in Z,, can be performed using O(log® p) bit
operations.

We shall be using the Chinese remainder theorem and ged
computations in the next section. We shall use the following
Generalized Chinese remainder theorem and we shall also
need an algorithm to find the solution in the case of gener-
alized Chinese remainder theorem. We refer the reader to
[5] for the following facts.

Fact 2.6 (COROLLARY 4.2.4 in [5]). Let u,v be positive
integers. We can compute the greatest common divisor of u
and v using O(logu - logv) bit operations.

Lemma 2.7 (THEOREM 5.4.1 in [5]). For positive integers
a,e and n, there is an algorithm to compute a® mod n in
O((loge)(logn)?) bit operations, here 0 < a < n.
Theorem 2.8 (Generalized Chinese Remainder Theorem,
THEOREM 5.5.5 in [5]). Let mi,ma,...,my be positive in-
tegers. Then the system of congruences

r=x;, modm;,1<i<k
has a solution iff x; = z; (mod ged(mi, m;)) for alli # j.
If the solution exists, it is uniqgue (mod lem(mi, mao,...,mg)).
Lemma 2.9 (COROLLARY 5.5.6in [5]). Let mi, ma,...,my
be positive integers, each > 2, define m = mims ... my, and
m’ = lem(mi, mo,...,my). Given the system S of congru-
ences

r=x;, modm;,1<i<k

we can determine if S has a solution, using O((logm)?)
bit operations, and if so, we can find the unique solution
(mod m'), using O((logm)?) bit operations.

3. UNIVARIATE INTERPOLATION
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With all the machinery introduced in the last section, we
are ready to describe our algorithm for interpolating uni-
variate polynomials. For describing the algorithm, we need
some definitions. In the following discussion, we always as-
sume that we are trying to interpolate the following kind of
univariate polynomial:

F(z) = i c;x™t.
i=1

Here |¢;| < H. And, Vi € [m] : d > «;. Also, the «;’s are
pairwise distinct. From now on, all the primes we encounter
will be at least ko, the constant mentioned in Linnik’s The-
orem.

3.1 Finding a Good prime

As we noted earlier, if we interpolate a polynomial F(x)
modulo a prime p then we get all the coefficients modulo p.
This means that all the coefficients which are 0 modulo p
vanish while interpolating modulo p and hence do not ap-
pear in Fj,(z). Since we do not want to miss any coefficients
for complete interpolation, we would want to avoid interpo-
lating modulo any prime p such that some coefficient is 0
modulo p. Also, we saw that we get all exponents modulo
(p—1). If the exponents of two different monomials are the
same modulo (p — 1) then these monomials get merged into
a single monomial while interpolating modulo p. We would
also like to avoid this situation. The following definitions
formalize this notion.

Definition 3.1 (Coefficientbad prime). A prime g is called

Coefficientbad for a polynomial F(x) if there exists some
coefficient ¢; such that ¢; = 0 mod q.

Lemma 3.2. There are at most mlog H Coefficientbad primes.

Proof. This lemma is a direct implication of the Fact 2.1
and the fact that |¢;| < H. O

Definition 3.3 (LinnikCoefficientbad number (or prime)).
A number (or prime) q is called LinnikCoefficientbad for a
polynomial F(z) if P(q) is Coefficientbad prime for F(z).
Lemma 3.4. There are at most 5mlog H LinnikCoefficient-
bad primes.

Proof. This lemma is a direct implication of Theorem 2.4
and Lemma 3.2. O

Definition 3.5 (Powerbad prime). A prime ¢ is called Power-
bad for a polynomial F'(z) if there exist 1 < i # j < m such
that a; = a;j mod (¢ — 1).

Definition 3.6 (LinnikPowerbad number (or prime)). A
number (or prime) ¢ is called LinnikPowerbad for a polyno-
mial F(x) if P(q) is Powerbad prime for F(x).

Lemma 3.7. There are at most (ZL) logd LinnikPowerbad
primes.

Proof. By way of contradiction, assume that there are more
than (T;) log d LinnikPowerbad primes. Let these primes be
q1,92,-..,qk, here k > (ZL) logd. Then we have that for all
I € [k] there are i # j such that a; = a; mod (P(q;) — 1).
Since k > (') logd, by pigeonhole principle there exist ¢t >
logd primes r1,72,...,7¢ in q1,q2, . .., qr such that we have
two different indices ¢ € [m] and j € [m] satisfying VI € [t] :

a; = oy mod (P(r;) —1). Hence VI € [t] : (P(r) — 1) | (i —
;). This implies that VI € [t] : 1 | (Joi —5|). We have that
|a; — ;| < d. Using the Fact 2.1, |a; — 5| can have at most
log d distinct prime divisors. But we have ¢ (more than log d)
distinet prime divisors of |a; — a|. Hence our assumption
that there are more than (7;) log d LinnikPowerbad primes,
is wrong. Thus there are at most (’;) log d LinnikPowerbad
primes. O

Definition 3.8 (Bad number (or prime)). A number (or
prime) ¢ is called Bad for a polynomial F(z) if it is Lin-
nikCoefficientbad or LinnikPowerbad or both.

Lemma 3.9. There are at most (’;) logd + 5mlog H Bad
primes.

Proof. Follows from Lemma 3.4 and Lemma 3.7. O

Definition 3.10 (Good number (or prime)). A number (or
prime) ¢ is called Good for a polynomial F(z) if it is not a
Bad number (or prime).

Note that if we interpolate F(z) modulo a prime p then
we obtain the polynomial F”(z). But we can easily obtain
Fy(z) from FP(z).

Suppose ¢ is some Good prime. If we interpolate F(x)
modulo P(q) then we shall get a list of all m coefficients
modulo P(g) and corresponding powers modulo (P(gq) — 1)
in Fpg (). On the other hand, if ¢ was a Bad prime then
by definition of Bad primes, we would obtain less than m
coefficients while interpolating modulo P(g). This happens
because for a bad prime ¢, some coefficient will be 0 modulo
P(q) or two monomials will merge into one or both. This
argument gives us a test to find Good primes. Since we know
that there are at most (’;) logd + 5mlog H Bad primes, if
we try more than (7;) log d + 5mlog H primes then we shall
surely find a Good prime. And out of these primes, primes
which give maximum number of coefficients are surely Good
primes. But we need to make sure that interpolation alone
does not take too much time. The following lemma makes
sure that interpolation modulo a prime can be performed
efficiently. From now on we use b = (') logd + 5mlog H to
denote the maximum number of Bad primes.

Theorem 3.11 (Theorem 5.1 in [11]). LetF be a field. Also,
let f(z) € Flz] be a polynomial of degree less than n. Given
the value of f(x) at n distinct points uo,u1,...,un—1 € I,
interpolation of f(x) can be performed with O(n?) operations
in F.

Lemma 3.12. Interpolation F,(x) of F(xz) modulo a prime
p can be computed in time O(p2) from the values F(i) mod p,
here i ranges from 0 to p — 1.

Proof. FP(x) € Fp[z] is a polynomial of degree p — 1, hence
can be interpolated using O(p®) operations in F, using The-
orem 3.11. For this we need to know the value of FP(x)
at p distinct points in Fp. The value of F(x) mod p is
equal to FP(z) at all points of F,. Since each operation
in F, can be performed in O(log? p) bit operations using
Fact 2.5, interpolation F?(z) of F(x) modulo a prime p can
be computed in time O(p?). It is easy to recover Fy(zx)
from FP(z). More specifically, if F"(z) = 37", ¢;z%/ then
Fp(z) =31, c;jzPi. Here
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’ 0 otherwise

Now we describe the algorithm to find a Good prime.

Algorithm 1 Algorithm to find a Good prime and the exact
value of m

Input: Black-box for polynomial F(z). Here m is upper
bound on the number of monomials in F(z). d is upper
bound on the degree of F(z). H is upper bound on magni-
tude of coefficients of F'(x).

Output: A Good prime and the exact value of number of
monomials in F(x).

1. Let b = (7)logd + 5mlogH. Compute b + 1
primes p1 < p2 < < pu+1 and also
P(p1), P(p2), ..., P(po+1).

2. Interpolate F'(z) modulo P(p1), P(p2),...,P(pv+1) to
obtain Fp(p1>(aj‘), Fp(p2)(33), ey Fp(pb+1)($').

3. Find any prime p; such that Fpg,,)(z) has
maximum number of monomials among

FP(P1)(x)vFP(p2)(x)v .- '7FP(pb+1)(x)'

4. Output p; as a Good prime and the number of mono-
mials in Fp(p,)(z) as m.

Claim 3.13. Algorithm 1 finds a Good prime and m in time
poly(m,logd,log H).

Proof. Correctness follows from the earlier discussion. Since
b= (T;’) log d+5mlog H, Step 1 finds all the required primes
in time poly(m,logd,log H). Here we use the Fact 2.2 to
make sure that pp+1 (and hence P(pp+1), due to the Theo-
rem 2.3) is of absolute value poly(m,logd,log H). To check
for primality of a number, we can use AKS algorithm [1].
The total time of Step 1 is still poly(m, log d,log H). Since all
primes in Step 1 are of magnitude poly(m,logd,log H), com-
puting Fp(p,)(x) takes poly(m,logd,log H) due to Lemma
3.12. Hence Step 2 takes (b + 1)poly(m,logd,log H) time.
This time is still poly(m,logd,log H). Step 3 and 4 trivially
take poly(m,logd,log H) time. Hence the total time taken
by Algorithm 1 is poly(m,logd,log H). O

Now we have seen how to find a Good prime. Note that
Algorithm 1 can also be extended to find as many Good
primes as we need. But can we find F(z) from many in-
terpolations Fp(p)(x) for many Good primes p? Suppose
we have found Fp(p, () for many Good primes p;. Sup-
pose Fp(p,)(z) = 327, ciz®7. We know that c;; = cx
mod P(p;) for some k. Note that we do not know the in-
dex k. We need to know the index k for each interpolation
Fp(y,)(x) to correctly use Chinese remaindering to find cy.
There is similar problem with using Chinese remaindering
on «;’s. That is why we would need notion of Goodg primes,
which will be defined in the next section. Lemma 3.18 jus-
tifies the usefulness of this notion of Goodg primes.

From now on, let go be the Good prime found by Algo-
rithm 1 and also let g = P(qo) — 1. Note that the absolute

value of g is poly(m,logd,log H). Let us fix this g for the
rest of paper. Now we shall not find Good primes but we
shall try to find Good numbers of the form gp, where p is
some prime.

3.2 Finding many Goodg primes

Definition 3.14 (Badg prime). A prime q is called Badyg
for the polynomial F(z) if ggq is a Bad number. (Note that
the term “Badg” depends on the number g, which has been
fixed above.)

Definition 3.15 (Goodg prime). A prime q is called Goodyg
for the polynomial F'(x) if it is not Badyg.

Lemma 3.16. There are at most b = (7;) log d + bmlog H
Badg primes.

Proof. 1t is easy to extend the proof of Lemma 3.4 to show
that there are at most 5mlog H primes p such that gp is
a LinnikCoefficientbad number. And similarly the proof of
Lemma 3.7 can be extended to show that gp is LinnikPower-
bad number for at most (”;) log d many primes p. Thus there
are at most (”21) logd + 5mlog H Badg primes. O

For the following discussion, ¢ will be used to denote the
number max{[log H] + 1, [log d]}. The below written algo-
rithm finds ¢ Goodg primes q1,q2, ..., q: in time
poly(m,logd,log H) and also performs the interpolation of
F(z) modulo P(gq1), P(9q2),-..,P(gq:), i.e., it computes

Fp(gq1) (@) FP(gg0) (%) - - s FP(gqy) (T)

Algorithm 2 Algorithm to find ¢ Goodg primes and corre-
sponding interpolation

Input: Black-box for polynomial F'(z), g = p(qo)—1 and m.
Here qo is the Good prime obtained by Algorithm 1 and m is
the exact number of monomials in F'(x) given by Algorithm
1. Let b = () logd + 5mlog H and t = max{[log H] +
1, [logd]}.

Output: t Goodg primes qi,q2,...,q: and
Fp(gq1) (%), FP(gg2)(Z); - s Fp(gqy) (%)

1. Compute b + t primes p1 < p2 < ... < pp++ and also
P(gp1), P(gp2), - .., P(gpo+t)-

2. Interpolate F(z) modulo P(gp1), P(gp2), ..., P(gpv+t)
to obtain FP(gm)(x)a FP(Qm)(‘r)v R FP(ng+f,)(m)'

3. Find any t Goodg primes q1,q2, ..., qt
from p1 < p2 < ... < ppyt such that
Fpigq1) (@), FP(gq2) (), -+ - Fp(gq,)(7) all have ex-
actly m monomials.

Claim 3.17. Algorithm 2 finds ¢t Goodg primes and performs
the corresponding interpolation in time poly(m, log d, log H).

Proof. Correctness follows from Lemma 3.16. We just need
to show the desired time bound. Step 1 clearly runs in time
poly(m,logd,log H), since b+ ¢ and g are of absolute value
poly(m,logd,log H). In Step 2, since P(gp;) is also of abso-
lute value poly(m,log d,log H), we can compute Fp(gp,)(x),
Fpgps)(); - Fpgp, ,)(z) in time poly(m,logd,log H) due
to Lemma 3.12. Hence Step 2 also takes poly(m,log d, log H)
time. Step 3 clearly takes poly(m,logd,log H) time. Hence
total time taken by Algorithm 2 is poly(m,logd,log H). O
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3.3 Main Algorithm for Interpolation

After applying Algorithm 2, we have found Fp(4q,)(2),
Fp(gg:)(®),. .., Fpgqy) () for t Goodg primes qi1,q2, ..., q:.
We need to use Fp(gq,) (), Fp(gg)(T); - - - s Fp(gq,)(x) to com-
pute F(z).

Note that each Fp(4q,)(x) is nothing but a list of size
m, each member of the list is a pair of some coefficient
mod P(gg;) and a corresponding power mod (P(gq;) —1).
From now on, assume that each Fp(4q,) () is of the following
form:

Fp(gg (@) =Y cija®®
j=1

We can construct the ¢;’s and the «;’s from the ¢;;’s and
the a;;’s using Chinese remaindering but we do not know
which are the correct indexes to join. For example, we know
that c1 appears in Fp(g4q,)(x) as some ¢;; = ¢1 mod P(gq;)
but we do not know the index j. Similarly for the powers
a;’s. We know a1 appears in Fp(gq,)(2) as some ai; =
a1 mod (P(gq;)—1) but we do not know the index j. But we
shall show how to use the Chinese remaindering to compute
¢i’s and o’s from ¢;;’s and «a;;’s. We shall need the following
lemma for this purpose.

Lemma 3.18. Let u,v be distinct positive integers < t, and
s = ged(P(g9qu)—1, P(9qv) —1). Then for any j € [m], there
exists a unique j' € [m] such that aw; = v, mod s.

Proof. First we show the existence of j. We know that
ayj = a; (mod P(gqu)—1) for some i € [m]. Let j' be such
that o, ;7 = o (mod P(gg.) — 1). Since «; is a solution to
T = awy; mod (P(gqu) — 1)
T = ayy mod (P(gqn) — 1),
by using Theorem 2.8, we need to have
Qyj = Oyt (mOd ng(P(gqu) - ]_,P(gqv) - 1))
Therefore au; = a,j;» mod s. Now for uniqueness, by way
of contradiction assume that there exists j” # j’ such that

Ouj = oy mod s. Then we get that «,; = ;7 mod s.
Let k be such that a,;» = ar (mod P(gq,) — 1). Thus
ayjn = o (mod s). We also have o, = o (mod s). Al-
together, we have the following congruences

Q0 = 050 mod s

Q50 = o mod s

Q50 = a mod s.
Hence a; = ay (mod s). Note that g | s. It implies that
a; = ai (mod g). But this cannot happen because g =
(P(go)—1) and go was chosen to be a Good prime. Therefore
there does not exist such j” # j'. O

Lemma 3.18 gives us a method to find the correct c;’s,
from which we can recover all a,,’s. The algorithm described
below completes the interpolation algorithm. It takes
Fpgq1)(%), Fp(gas) (%), - -, Fp(gq,) () and primes
P(gq1), P(9q2), - P(gqt) as input and outputs F(z). We
shall also show that it runs in time poly(m,logd,log H).

Algorithm 3 Algorithm to find F(x)

Input: t Goodg

Fpgq,)(%), Fp(ggs)(x), - -
Output: F(z).

primes  q1,q2,...,qQ: and
s Fp(gqn) ()

1. forj=1tom
(a) fori=2tot

i. s; = ged(P(gq1) — 1, P(g9q:) — 1).

ii. Find k;; € [m] such that Qik,; = a1 mod s;

(b) Solve the following equations by Chinese remain-
dering to obtain c;:

c1; mod P(gq1)

C2ky; mod P(ng)

r = cwy; mod Pggr)

(¢) Solve the following equations by Chinese remain-
dering to obtain «;:

= aq; mod (P(gq1) — 1)
= Q2ky; mod (P(ggz2) — 1)

r = ouk,; mod (P(gq) — 1)
(d) If ¢; > H then ¢; = ¢;— [[1_, P(94:).
2. end for loop

3. Output F(z) as F(z) =Y " cix™

Claim 3.19. Algorithm 3 computes F(z) in time
poly(m,logd,log H).

Proof. Algorithm 3 uses the result of Lemma 3.18 repeat-
edly. Step la finds the corresponding alignment of mono-
mials. Here, u of Lemma 3.18 is fixed to be 1 whereas v
runs from 2 to t. Step 1b computes the coefficient of the
monomial whose alignment is found in Step la. Step lc
does the similar computation for the power of the corre-
sponding monomial. Step 1d takes care of the fact that
¢i can be negative also. And since ¢ > max{[log H] +
1, [logd]}, we have [];_, P(g9q:) > 2H and lem{P(gq:) —
1,P(gq2) — 1,...,P(9q:) — 1} > d. Hence correctness fol-
lows. We just have to show a running time upper bound
of poly(m,logd,log H). The main loop runs m times. We
show that one iteration of the loop takes poly(m,log d, log H)
time. Step la runs a loop ¢ — 1 times. Time taken by Step
1(a)i is also poly(m,logd,log H) due to Fact 2.6 and the
fact that P(gq;) is of size poly(m,logd,log H). Step 1(a)ii
clearly works in time poly(m,logd,log H) as we just need to
iterate over m monomials of Fip(4q,)(x) and find the correct
kij. Step 1b works in time poly(m,logd,log H) because of
the fact that log®([]'_, P(gg:)) = poly(t,m,logd,log H) =
poly(m,logd,log H) and Lemma 2.9. Similarly, Step 1c¢ works
in time poly(m,logd,log H). The rest of the steps trivially
works in time poly(m,logd,log H). O

Remark 3.20. If we analyze the running time of our algo-
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rithm more precisely, we can see that it runs in the time
~ 2

O(b** T2E+1). Here b = () logd + 5mlog H and L is the
constant we encountered in Theorem 2.3.

4. MULTIVARIATE INTERPOLATION

In the last section, we presented the algorithm to interpo-
late univariate polynomials which used poly(m,logd,log H)
time. Now we show how to use that algorithm to interpolate
multivariate polynomials. We need the following lemma for
that, which goes back to Kronecker.

Lemma 4.1 (See e.g. Lemma 1 in [7]). Let R be a ring.
Let f € Rl[z1,...,xn] be a polynomial of the degree at most

d. Then the substitution x; — X(‘”l)li1 maps f to a uni-
variate polynomial g € R|X] of degree at most (d+1)" — 1
such that any two distinct monomials in f map to distinct
monomials in g. In particular, if f is not identically zero in
Rlz1,...,xn], then g is not identically zero in R[X].
Substitution in Lemma 4.1 converts f into a univariate of
the degree at most (d+1)" —1 . And given f in univariate,
getting back multivariate f is also easy. This gives us the
following algorithm to interpolate multivariate polynomials.

Algorithm 4 Algorithm to interpolate Multivariate poly-
nomial

Input: Black-box for polynomial P(z1,z2,...,xx).
Output: Polynomial P(z1,22,...,Tx).

1. Given the n-variate polynomial
P(x1,22,...,%iy...,xn) of degree at  most
d, interpolate the univariate polynomial
P/(X)=P(X, XD x@D7T L x @t

of degree at most (d + 1) — 1.

2. Convert P’ to P by computing the corresponding
unique n-variate monomial for each univariate mono-
mial in P.

Claim 4.2. Algorithm 4 interpolates any n-variate polyno-
mial of degree at most d in poly(m,n,logd,log H) time .

Proof. Correctness follows from Lemma 4.1. The running
time for interpolating P’ is poly(m, log((d+1)"—1),log H) =
poly(m,n,logd,log H) due to Lemma 3.19. We just need
to make sure that the substitution x; — X(dﬂ)%lcan be
computed efficiently. Note that all the numbers encoun-
tered in the algorithm for univariate polynomial interpo-
lation are of absolute value poly(m,n,logd,log H). And
for the purpose of asking the black-box, we need to com-
pute X @D od N for some number N of absolute value
poly(m,n,logd,log H). Hence X @D 16d N can be com-
puted in time

poly(m,n,logd,log H) using Lemma 2.7. Step 2 is just a
trivial conversion to base (d 4 1). O

5.  CONCLUSION AND APPLICATIONS

Note that all the numbers used in our algorithm have mag-
nitude poly(m,n,logd,log H). This makes our algorithm
perfectly suitable for interpolating sparse polynomials rep-
resented by arithmetic circuits. For an extensive discussion
on arithmetic circuits, we refer reader to a recent survey on

arithmetic circuits by Shpilka and Yehudayoff [23]. Let C
be an arithmetic circuit of size s and description length [
which computes the polynomial P(x1, 2, ...,z,). Here the
size s is the number of gates in the circuit and the descrip-
tion length [ is the length of a reasonable encoding of the
circuit as a binary string. In particular, 2° is a bound on
the degree of P and every constant appearing in the circuit
is bounded by 2'. In our black-box model, we assumed that
we can obtain the value of P at any point modulo some
integer in unit time. But it is also easy to see that the
value of P at points we encountered can be obtained in time
poly(m,n,s,l,logd,log H). The following algorithm exactly
performs this task.

Algorithm 5 Algorithm to Evaluate circuit

Input: A description of length [ of a division free circuit C
(over Z) of size s, (a1,az2,...,a,) € Z" and N € N*,
Output: C(a1,as,...,a,) mod N.

1. Evaluate every gate of C' modulo N.

2. Return result of output gate.

Claim 5.1. Algorithm 5 computes the result of output gate
in time poly(s, ,log N, max; log(|a;| + 1)).

Proof. Using Fact 2.5, evaluation at each gate of C' can be
performed in time O(s - log? N). We may need to perform
more bit operations when we have to deal with constants
in C and a;’s. Let ¢ be the constant used in C' of max-
imum magnitude. We have that log(|c| + 1) < I. While
evaluating gates which have a constant ¢ as input, we per-
form O(s - (log(|c| + 1) - log N)?) bit operations. Similarly
while evaluating input gates where we have to deal with
a;’s, we perform O(s - (log(|a;| + 1) - log N)?) bit opera-
tions. Since we have to do at most s evaluations, Algo-
rithm 5 runs in time O(s?.(max; log(|a;| + 1) - log(|¢| + 1) -
log N)?) time. Since logc < I, the whole algorithm takes
O(s*.(max; log(|a;| + 1) - 1 - log N)?) . Hence Algorithm 5
runs in time poly(s,l,log N, max; log(|a:| + 1)). O

Using Claim 5.1 it is easy to see that our algorithm for
black-box interpolation can be used to interpolate sparse
polynomial represented by circuits.

Corollary 5.2. A polynomial P with at most m monomials
represented by an arithmetic circuit C of size s and descrip-
tion length | can be interpolated in time poly(m,log H,1),
here H is bound on magnitude of coefficients of P.

Proof. Combining Algorithm 5 with Algorithm 4 gives us a
method to interpolate P in time poly(s, 1, m,n,log H,logd).
Since we have that d < 2° and n < s, we get that whole algo-
rithm runs in the time poly(m,log H, s,1). Also, we have s <
[. Hence whole algorithm runs in the time poly(m,log H,1).

O

Remark 5.3. If we use faster algorithms for computing F),(x),
such as O(p) algorithm in [8], then we can reduce the running
time of our algorithm to O(bL2+L+1). Here b = () logd +
5mlog H and L is the constant we encountered in Theorem
2.3.
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