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ABSTRACT

This paper focuses on the study of the order of power series that
are linear combinations of a given finite set of power series. The
order of a formal power series, known as ord(f), is defined as the
minimum exponent of x that has a non-zero coefficient in f(x).
Our first result is that the order of the Wronskian of these power
series is equivalent up to a polynomial factor, to the maximum
order which occurs in the linear combination of these power series.
This implies that the Wronskian approach used in (Kayal and Saha,
TOCT’2012) to upper bound the order of sum of square roots is
optimal up to a polynomial blowup. We also demonstrate similar
upper bounds, similar to those of (Kayal and Saha, TOCT’2012), for
the order of power series in a variety of other scenarios. We also
solve a special case of the inequality testing problem outlined in
(Etessami et al., TOCT’2014).

In the second part of the paper, we study the equality variant
of the sum of square roots problem, which is decidable in polyno-
mial time due to (Blomer, FOCS’1991). We investigate a natural
generalization of this problem when the input integers are given as
straight line programs. Under the assumption of the Generalized
Riemann Hypothesis (GRH), we show that this problem can be
reduced to the so-called “one dimensional” variant. We identify
the key mathematical challenges for solving this “one dimensional”
variant.
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1 INTRODUCTION

For numerous decision problems that require determining the sign
of expressions with real numbers, their complexity class (e.g., if
they belong to P or not) is often unknown. A notable instance is
the Sum of Square Roots problem, which can be described as:

PROBLEM 1 (SUM OF SQUARE RooTs (SSR)). Given a list (a1, az,
.., an) of positive integers and (81, 02, ...,6n) € {—1,1}", decide
whether 3.7, Sinfa; > 0.

The complexity of this problem has been extensively investigated
and remains an open question according to Garey, Graham, and
Johnson [13]. Additionally, it has been hypothesized that it lies in
P, as proposed by Malajovich in 2001 [17]. The SSR problem shares
deep connections with classical geometric problems such as the
Euclidean Traveling Salesman Problem (ETSP), which is not known
to be in NP. It is readily seen to be in NP relative to an oracle of SSR.
An important related problem where the task is to determine the
sign of an integer (encoded by a straight line program), is the so
called PosSLP problem. A sequence P of integers (bo, b1, ba, . . ., by)
is said to be a straight line program (SLP) if by = 1 and for all
1<i<?bj=bjo; by, where o; € {+ —,*} and j, k < i. We say
that this SLP P computes the integer by. We say that ¢ is the size
(or length) of this SLP P.

PROBLEM 2 (PosSLP). Given an SLP P, decide if the integer np
computed by P is positive.

The approximation of 4/a; in Problem 1 to an appropriate preci-
sion leads to the reduction of SSR to PosSLP, as demonstrated in
[1]. PosSLP was introduced in this work to bridge the gap between
classical models of computation and computation over the reals
in the Blum-Shub-Smale (BSS) model [8], which is a widely stud-
ied model for the study of computational complexity in numerical
analysis.

It was shown in [1] that PosSLP captures the “Boolean part” of
languages decidable in the BSS model in polynomial time, with poly-
nomial time Turing reductions. Additionally, PosSLP was proven
to lie within the counting hierarchy CH, implying that SSR also falls
within CH. To date, this represents the best known upper bound for
the complexity of SSR.

Our contributions can be found in Section 1.2 after having intro-
duced some useful previous work on Problem 1 in Section 1.1.

1.1 Related work

In different scenarios, there is a need to determine if the sum of
square roots is equal to zero or not, rather than determining the sign
of the expression. As a result, we encounter an intriguing problem
known as SSReq-
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PROBLEM 3 (SSReq). Given a list (a1, az, ..., an) of integers and
(61,82,...,0n) € {~1,1}", decide whether 3,7, Si~+fa; = 0.

Blomer [6] gave a polynomial time algorithm to compute sums
of radicals and also proved that SSReq is in P. Thus, testing if a
signed sum of square roots is zero seems to be easier than deciding
its sign. A natural idea for an algorithm for the SSR problem would
be to approximate the sum with a floating point number thanks to
classical numerical algorithms. However, one would need a result
on the required number of bits of precision of the approximation
to ensure that the two signs coincide. It is known ([11]) that for an
integer of bit size at most B, its square root can be approximated
up to m bits of precision in time poly(B, m). And this implies that
a solution of the following number theoretic problem would lead
to a polynomial time algorithm for the SSR problem.

PROBLEM 4 (LOWER-BOUND ON A NONZERO SUM OF SQUARE ROOTS).
Given a sum S = 31, SivJa;, with §; € {-1,1} and 1 < a; < 2B,
can we find a polynomial q(n, B) such that

1
S0 = |S| 2 ——7?
81 2q(n.B)

In contrast to Problem 4, one can also try to find a;’s and corre-
sponding &;’s such that the absolute value of 3.7, 6;+/a; is small.
In this dilrection, it was shown in [18] that \Z?:lo (T) (-1)'vn+ i| =
O(n~"™*2). Kayal and Saha [14] chose to approach Problem 4 by for-
mulating a related question over polynomials. This approach proved
to be simpler. They focused on non-zero sums of square roots of
polynomials, which they viewed as power series, and demonstrated
that the valuation (or order) of such a series cannot be too high.

THEOREM 1 (BOUNDING THE ORDER OF SUM OF SQUARE ROOTS OF
POLYNOMIALS [14]). For1 < i < n,letc; € C and f;, g; € C[x] of de-
gree at most d with f;(0) # 0. We denote and fix +/f; (x) € C[[x]] one
of the two square roots of f; (x). If the sum S(x) = X7 ¢igi(x)+/fi(x)

is non-zero, then ord(S) < dn® + n.

The main technical argument of this proof is the study of the
Wronskian determinant of the family (gi\/fi)l <i<n, because by
Cramer’s rule, one can easily bound the order of S with respect to
the order of this Wronskian.

Next, they apply this result to a set of integers by representing
them as polynomials and they confirm that the solution to Prob-
lem 4 is affirmative for a significant subclass of integers known as
polynomial integers.

THEOREM 2 (SSR FOR POLYNOMIAL INTEGERS [14]). Suppose
S = X, 8i+/a; is non-zero with 8; € {~1,1}, such that every pos-
itive integer a; is of the form a; = X% 4 bl,iXd"_1 +o+bg
with di > 0, X a positive integer and d;,b;; are integers. Let
B = max ({|bj’i|}j,i , 1) andd = max; d;. There exist two fixed integer

polynomials p(n,d), q(n,d) inn and d such that if X > (B+ 1)p(nd)
then S is lower bounded as |S| > W.

Based on these observations, it raises the question of whether
the concept of bounding the order of sums of power series can be
generalized to other families beyond square roots. This could poten-
tially yield significant insights into the complexity of determining
the positivity of expressions involving irrational real numbers.
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1.2 Owur results

From now on, K denotes a field of characteristic 0. All the logarithms
in this paper are natural logarithms with base e, unless otherwise
stated. We now define some measures to formally state our results.

DEFINITION 1. Suppose & C K[ [x]] is a finite dimensional linear
subspace of K[ [x]], we define

O(F) :=sup{ord(f) |f € F\ {0}} e NU 0.
And forf = (fi, f2, ..

series, we define
O(fi, far---» fn) = O(f) := O(span(fi, fa, - - .. fn))-

Aset {fi, f2,..., fn} of n functions over K is said to be linearly
dependent if there exist scalars ¢y, ¢y, . . ., ¢y € K (not all zero) such
that 37, ¢;f; is zero. To define the Wronskian of {fi, f2,..., fn}
we assume that each f; is n — 1 times differentiable. The Wron-
skian of {f1, f2, ..., fn}, denoted W(fi, f2, ..., fn) is defined as the
determinant of the following matrix:

.» fn) a family of linearly independent power

f fn
fl(l) n(l)
W(E) =W(A. fo..... fo) = det| . .
fl<nll> n(n.fl)

ProrosiTiON 1. Let ¥ C K|[[x]] be an n-dimensional linear

subspace. For any basis (fi, f2,. .., fn) of ¥, otd(W(f1, fo, .. .. fu))
does not depend on the choice of the basis (fi, f2, . . ., fn). We denote
this quantity by Wy.q4(F).

Proor. Let (91,92, . ..,9n) be another basis of 7. There exists
an invertible n X n matrix A with entries in K such that

[91 gn] = [fl fn] A

By linearity of the differentiation, we also have for all0 < j < n,

[gp g;n] - [fl(j) fn(”] A
Thus we have W(g1,92,...,9n) = W(fi, f2, ..., fn) - det(A). By
using the fact that det(A) € K, the result follows. O

The following theorem bounds O(¥) in terms of Wy,q(%). This
theorem is actually a result of Voorhoeve and Van der Poorten [21].
The same idea is used by Kayal and Saha [14] to establish the bound
in Theorem 1.

THEOREM 3 (THEOREM 1 IN [21]). Let ¥ be an n-dimensional
linear subspace of K[[x]]. Then, O(F) < Wya(F) +n—1.

In Section 2, we show that Theorem 3 is almost tight, in the sense
that the order of the Wronskian of a family (hy, hy, . . ., hy) of power
series is equivalent, up to a polynomial factor, to the maximum
order of a non-zero linear combination of the h;’s. This result is
formalized in Theorem 4 below.

THEOREM 4. Let F be an n-dimensional linear subspace of K[ [x]].
Then, Word(F) < n- O(F) = (3)-

For a full proof of Theorem 4, refer to Section 2. We then demon-
strate that the approach of Kayal and Saha in Theorem 1 can be
extended to sums of solutions of linear differential equations of or-
der 1 with polynomial coefficients, resulting in a comparable bound
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on the sum’s order. This result is formally stated in Theorem 5
below.

THEOREM 5. Let S(x) = X7, ¢igi(x)yi(x), with y; — %yi =0,
where ¢; € K and g, pi, qi € K[x] of degree at most d. We assume
that q; (0) # 0 and that each y; € K[[x]]. IfS # 0, then

n
ord(S) < Z ord(y;) + n’d+n-1.
i=1
Proof idea for Theorem 5. The bound for ord(S) follows from
Theorem 3, once we have bounded the order of the Wronskian of
the family (g;y;)1<i<n by 3; ord(y;) +nd. To do this, we study the
entries of the Wronskian matrix and use the differential equations
to replace derivatives of the y;’s. We show that every entry (i, j)

of the Wronskian matrix can be written yi%, where g; is the

denominator in the differential equation satisfied by y;andm; j is a
polynomial of degree < nd. The result directly follows by bounding
the order of the polynomials m; ; by their degree. For a full proof
of Theorem 5, see Section 3.

In Section 4, we investigate the following Problem 5 (SSRgsrp)
that can be regarded as a generalization of Problem 3 (SSReq) in the
context of SLPs.

PrROBLEM 5 (SSRgrp). Given as input n straight line programs
(Py, Py, ..., Pp) of size < s and (61,02, . ..,6n) € {—1,1}", such that
P; computes the positive integer a;, decide whether 3.7, di+fa; = 0.

Here we show that assuming GRH, under randomized polyno-
mial time Turing reductions, SSRgrp can be reduced to the following
“one-dimensional” variant of SSRgy p,

PrROBLEM 6 (ONE DIMENSIONAL SSRg1p). Given n straight line
programs computing n positive integers (ai, az, . . ., an) and (81, 82,
.., 0n) € {—1,1}", with the promise that dim(spanQ(\/a_l, Vaz, ...,
Van)) = 1. Decide if .7, d;+/a; = 0.

Proof idea for reducing SSRgyp to one dimensional SSRgrp. Given
an instance of Problem 5, we separate the inputs into several one-
dimensional subgroups. This is possible because we demonstrate
an efficient randomized algorithm to test the linear dependency of
square roots of integers given by SLPs, using the ideas of Kneser [15]
and recounted out in Blomer’s work in [6]. According to Kneser’s
result [15], a set of square roots are linearly dependent over Q if
and only if there exists a pair of linearly dependent square roots
within the set. Once the instance of Problem 5 is separated into
one-dimensional subgroups, it remains only to determine if each
subsum is zero, which can be done using an oracle for Problem 6.
For a full proof, see Section 4.

In Section 5, we show a similar upper bound to that of Theorem 1,
on the order of sums of logarithms of real polynomials.

PROPOSITION 2. Let S(x) = X7, c;log(fi(x)) # 0, wherec; € R,
fi € R[x] of degree at most d and f;(0) > 0. Then ord(S) < nd.

We also show an analogous result to Theorem 2 but for the
problem of the positivity testing of linear forms of logarithms of
integers whose complexity is connected to deep conjectures in
number-theory [12], such as a refinement of the abc conjecture
formulated by Baker [3]. This result essentially follows from Theo-
rem 6 below, which is our analogue of Theorem 2. For a full proof
of Theorem 6, see Section 5.
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THEOREM 6 (SUM OF LOGARITHMS OF POLYNOMIAL INTEGERS). Sup-
pose E = 31 ciloga; is non-zero, where ¢; € Z, and every a; is
a positive integer of the form a; = X% 4 bl,iXdi’1 + o+ by
where d; > 0, X is a positive integer and d;, bj ; are integers. Let
B = max ({|bj’i|}j,i , 1),d = max; d; + 1, and C = max; |c;|. There
exist two fixed integer polynomial p1(n, d), p2(n,d) in n and d such
that if X > max (CZ, (B+ 1)p1(”’d)), then E is lower bounded as

1
|E| 2 XP2(nd) -

2 ORDER OF THE WRONSKIAN
DETERMINANT

In this section we show that for a family of power series, the maxi-
mal order that can occur in a non-zero linear combination is the
order of the Wronskian determinant of the family up to a poly-
nomial factor. Our proof of Theorem 4 is inspired from the ideas
developed in [10]. For d, k € N, we denote

() =dd-1)...(d=k+1),
with the convention (d)o = 1.

DEFINITION 2 (VANDERMONDE DETERMINANT). Let
(d1,da, ...,dn) € K", we define the corresponding Vandermonde
determinant as follows:

V(di,do,...,dp) = det ((d;'il)lsi,jﬁn) = 1_[ (dj — d).
1<i<j<n
LEMMA 7 (WRONSKIAN OF MONOMIALS, LEMMA 1 IN [10]). The

Wronskian of the monomials alxdl, .. ,,anxd" is

n

W(arx®, ..., anx¥) = V(dy, dy, ..., dn) (]—[ aj

) cditrdn=(5)
i=1

LEmMA 8 (LEMMA 2 IN [10]). Let fi, f2, ..., fn be a family of
K[[x]] which are linearly independent over K. There exists an in-
vertible n X n matrix A with entries in K such that the power series

91,92, - - ., gn defined by
[91 gn] = [fi fa] A

are all non-zero and have mutually distinct orders.

1)

LEMMA 9 (WRONSKIAN OF DISTINCT ORDER POWER SERIES). If
the non-zero power series g1,92,...,gn € K[[x]] have mutually
distinct orders dy,da, . . ., dn, then their Wronskian W (g1, 92, - . ., gn)
is non-zero and satisfies:

n
o)

Proor. If the g;’s are monomials, i.e.g; = ajxdf, the resultis a
direct consequence of Lemma 7, and in this case, the (i, j) entry
of the Wronskian matrix is w; j = a;(d;) i—1x% ™1 In the general
case, let gj = ajxdf +u;j with u; € K[[x]] of order > d;. Then the
(i, j) entry of the Wronskian matrix now becomes w; j X (1+xr; ;)
for some r; j € K[[x]].

n
ord(W(g1,92,....9n)) = Z di —

i=1

So we have W(g1,92,...,9n) = ai. - apxitrdn=(3) det(D)
where D is the n X n matrix D = ((d;);i-1(1 + x7ij))1<i j<n. Now
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we evaluate D at x = 0, and we obtain D(0) = ((d;)i-1)1<i j<n-
With elementary row operations (which preserve the determinant),
as in the proof of Lemma 7 in [10], we can transform D(0) into
the Vandermonde matrix associated to dy, . . ., dp. So, det(D(0)) =
V(d1,da,...,dn) # 0, because the d;’s are distinct. Thus det(D) is
non zero modulo x, so det D has order zero and the result follows.

|

We now formulate a tight variant (Theorem 10) of Theorem 4,
which immediately implies Theorem 4. Suppose ¥ C K[[x]] is
a finite dimensional subspace of K[[x]]. Lemma 8 shows that if
dim(¥) = n then there exist n power series g1,92,...,gn in F
which have distinct orders d1,d, . .., d,. Moreover g1,92,...,9n
also form a basis of ¥. We now claim that these are the only possible
orders of any power series in . Assume d; < d < --- < dp. If
f=2X%, Aigi (with A; € K) is a non-zero power series in ¥, then
it is clear that ord(f) = dj where j is the minimum index such that
Aj # 0. With this claim, we formulate the following tight variant of
Theorem 4.

THEOREM 10. Let ¥ be an n-dimensional linear subspace of
K[[x]]. Suppose di, da, . .., dy, are the distinct orders of power series

which occur in F. Then, Worg(F) = X1, di — ().

ProoF. By Lemma 8, there exists a basis (g1, 92, - ..,gn) of F
with distinct order dy,dy, . .., d,. By using Lemma 9, Wy.4(F) =
Ziidi—(3)- o

THEOREM 4. Let F be an n-dimensional linear subspace of K[ [x]].
Then, Woq(F) < n-O(F) — (;)

ProoF. The claim immediately follows from Theorem 10. O

This completes the proof of Theorem 4. By combining Theo-
rem 4 and Theorem 3, we conclude that the order of the Wronskian
determines the maximum order of linear combinations of power
series, up to a polynomial factor in n.

Now we show an example where the bound claimed in Theorem 3
is tight. Suppose G is the linear subspace of K[[x]] generated by
the monomials 1, x, x2,...,x" 1. It is easy to see that Wronskian
of 1,x,x%,...,x" Lis ]_[l'.';l1 i!. Hence W,4(G) = 0. We also have
that O(G) =n-—1.

3 SUMS OF SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS

As a generalization of Theorem 1 and as an application of Theorem 3,
we now prove a polynomial bound on the order of a sum of power
series that are solutions of linear differential equations of order 1
with polynomial coefficients.

THEOREM 5. Let S(x) = X1 cigi(x)yi(x), with y] — %yi =0
where ¢; € K and g;, pi, qi € K[x] of degree at most d. We assume
that q;(0) # 0 and that eachy; € K[[x]]. IfS # 0, then

n
ord(S) < Z ord(y;) + n®d +n —1.
i=1

ProoF. Let h;
that h =

= g;y;. Without loss of generality, we can assume
(h1, hg, ..., hy) are linearly independent. If they are not,
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we can rewrite S as a linear combination of a subfamily of the A;’s
that are linearly independent.

We shall bound the order of the Wronskian W (hy, ha, ..., hy)
and apply Theorem 3. We have:

y{ = &yl,
qi
. Pi9i—pid;  pi ,  Pidi — Pid; * pidi
Y == Yt Y= U
q; qi q;
So by induction, we deduce that for 0 < j < n,
n—-1-j
o _ P4 Py
Y; 7 yz TSl
q; q;

jP,-,j is a polynomial of degree at most (n — 1)d. Then,

by the Leibniz’s formula, hl(j) = Zi: ( ) l(] k) (]) , and the Wron-
skian has the form

—1-
where q?

n
W (ki by, k) = [ ] qfil det M,
i=1 1i

with M being a matrix whose entries are polynomials of degree

at most nd. In particular, ord(det M) < deg(detM) < n’d. As
qi(0) # 0 for all i, we have:
n n
ord(W(h)) = Z ord(y;) + ord(det M) < Z ord(y;) + n’d
i=1 i=1
Finally, Theorem 3 implies the claimed bound. O

As a direct corollary of Theorem 5, we obtain upper bounds for
the order of a sum of power series in C[[x]] in several different
contexts.

CoRroOLLARY 1. Let S(x) = X7, cigi(x)yi(x) be a non-zero sum,
where c; € C, and g; € C[x] are of degree at most d. Let f; € C[x]
of degree at most d.

1) Ify; = exp(f;), thenordS < n?(d —1) +n— 1.
(2) If yi = @(fi) with ¢ € {cosh,sinh, cos, sin}, then ordS <
4n?(d-1)+2n—1.
S\ i
) Ify; = (%) , with p;, qi € C[x] of degree at mostd, a; € R
and p;(0), q; (0) # 0, then ord S < 2nd +n— 1.

Proor. For Part (1), y; = exp(fi), yi admits a power series
expansion and ordy; = 0 because y;(0) = exp f;(0) # 0. More-
over, y; — f/y; = 0, with deg f/ < d — 1. By Theorem 5, ord S <
n?(d-1)+n-1.

For Part (2), one can write cosh f = ef+e f sinh f =
cos f = &2 — f+e v ,sin f = % We can then apply Part (1) W1th
2n terms in the sum and obtain the claimed bound.

For Part (3), because both p;(0) and g;(0) are non-zero for all i,

y; admits a power series expansion in 0 and ord y; = 0. Moreover,
P qz Ptql

ef_e o

it satisfies y; — a; y; = 0. Again, the bound is obtained by

using Theorem 5. O

A similar bound for y; = exp f; was already established in [21]
(see Example 1). The proof also relies on Wronskians.
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4 SUM OF SQUARE ROOTS OF INTEGERS
GIVEN BY STRAIGHT-LINE PROGRAMS

As we mentioned in introduction, testing if an expression involving
square roots is zero is an interesting problem and Blémer [6] de-
veloped a polynomial time algorithm solving SSReq. In SSReq, the
integers in input are given in binary and in this case, the problem is
easy. It is a natural extension of SSReq to ask what happens for the
complexity of this problem in an algebraic model of computation,
that is if the integers in input are given by straight line programs.
More precisely, we want to study Problem 5.

We would like to know if zero testing for this class of expressions
is as easy as testing zero for straight line programs computing
integers, namely EquSLP defined in [1]. In the problem EquSLP,
given an input SLP P, we want to test if the integer np computed
by P is zero. In [1], it is proven that EquSLP reduces to Polynomial
Identity Testing (PIT), so it admits a randomized polynomial time
algorithm. In the hope of designing a randomized polynomial time
algorithm for SSRgyp, we present in this section how one can reuse
some of the ideas of Blomer for SSReq in the context of Problem 5.
We show that the problem SSRg1 p can be reduced under the General
Riemann Hypothesis (GRH) to a one dimensional case where all
the square roots involved are on the same line over Q. Actually,
this special one dimensional case captures all the hardness of the
whole problem. One can also find related results in [5, 7]. They give
randomized algorithms to decide if expressions involving radicals
of depth 1 is equal to 0. In [5], some algorithms are also valid
under GRH and use comparable arguments about density of certain
prime numbers that we also develop in this section. However, the
expressions involved in these results are different; the expressions
are not only sums of square roots but general arithmetic circuits
involving square-roots of integers given in binary.

4.1 Reduction to the one-dimensional case

We now explain formally why it is enough to focus on the one
dimensional (Problem 6) version of Problem 5 in order to design an
efficient algorithm for SSRgrp. We actually prove Theorem 11.

THEOREM 11. Under GRH, there exists a randomized polynomial
time Turing reduction from Problem 5 to Problem 6.

The starting point is the following result due to Kneser [15]
recalled by Blémer ([6], corollary 2.6).

LEMMA 12. Let ay,a, ...,an be n positive integers. Reals +fay,
\az, ..., +\fay are linearly dependent over Q if and only if there exist
1 <i < j < nsuch that (\aj, \/a;) are linearly dependent over Q or
equivalently

—€Q. (2)

VG
COROLLARY 2. Let ai,...,ap be positive integers and
(61,...,6n) € {-1,1}" Let (\ai,...,+fai,) be a basis of

spang(vai, ..., vai). Then for all 1 < i < n, there exists a unique
1 < j < ¢ such that \fa; € Q- y/ai;. And

n
Dloiai=0 = Vi<j<e
i=1 it VA €Qyar;

divai =0. (3)
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Proor. Without loss of generality, we can assume i; = j. As-
suming existence, uniqueness is clear because if v/a; € Q - y/@; and
Vai € Q- +/aj’, then y/a; and 4/a;’ are not linearly independent.
Now, for an element of the basis existence is clear and for y/a; not in
the basis, (1/a1, . . ., v/as, +/a;) is linearly dependent. By Lemma 12,
two elements are linearly dependent, and it can not be between
two elements of the basis. So 4/a; is involved in this pair.

We partition {1,...,n} = [; U--- U, with I; = {i| va; =

9i,j\/aj, qi,j € Q}. Now, X1, 8;i+/a; = Zﬁzl (Zielj 5iqz',j) Vaj. As
(+/@j)1< j<¢ form a basis, the previous sum is zero if and only if for
all1<j<¢, Z,-GI]. digi,j = 0. By multiplying by +/aj, we obtain

n
Doivai=0 & V1<j<e ) 8vai=0.

i=1 i€l

O

The reduction for Theorem 11 then works in two steps and can be
found in Algorithm 1. Given an instance of Problem 5, we first build
the partition of the set of square roots in £ one-dimensional subsets,
and then use the oracle for Problem 6 to test if each associated
subsum is zero. To build the partition, Algorithm 1 works as follows:
for each integer a;, either we have already seen an integer a; before
such that \/a;/+/a; € Q and we add a; to the same one dimensional
sum as a; or we construct a new one for a;. To complete the proof
of Theorem 11, it only remains to show that one can perform the
test of Equation (2) efficiently under GRH.

Input :ay,ay,...,a, integers given by SLPs, signs
61,09,...,0n € {—1, l},
Output:Decide if S = X1, §i~/a; = 0.
SubSums « [ ] ;
for1 <i<ndo
k < 0 ; FoundSubSum « false ;
while k < |SubSums| and not FoundSubSum do
Pick an element b in SubSums| k] ;
if \/a;/Vb € Q then
‘ Add a; to SubSums[k] ; FoundSubSum « true ;
else
‘ k++;
end
end
if not FoundSubSum then Add {a;} to SubSums ;
end
For each element of SubSums, test if the corresponding one
dimensional sum is zero using oracle for Problem 6;

Algorithm 1: Algorithm for Problem 5

LEMMA 13. Let a, b be two positive integers. % €Q lﬁf\/ﬁ eN.

Proor. Va/ Vb e Q is equivalent to the statement that for any
prime p, the p-adic valuation v, (a/b) of a/b is even, vp(a/b) =
vp(a) — vp(b), or equivalently vy(a) + vp(b) = vp(ab) is even,
ieVab e N . O
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Lemma 13 suggests that for testing Equation (2), we just have
to check if a;a; is a perfect square. Note that if both a; and a; can
be computed by SLPs of size s, then a;a; admits an SLP of size
25+ 1. In the next section we design a randomized polynomial time
algorithm to perform this task under GRH.

4.2 Testing if an SLP computes a perfect square

We now demonstrate an algorithm for the following Problem 7.

PROBLEM 7. Given an SLP of size t computing a positive integer a,
decide if a is a perfect square.

Let a be a positive integer computed by an SLP of size t. By
induction on t > 0, we have the bound a < 22

Our algorithm is the following: sample at random a prime p <
24(1) with q a polynomial to be determined later, compute a mod p
and test if @ mod p is a square in F;,. All these computations can
be done in polynomial time in ¢ [2]. If a is actually a perfect square,
then for all such primes p, a mod p is a square in Fy and the answer
of the algorithm is correct. Whereas if a is not a perfect square,
Chebotarev’s density theorem guarantees that the set of primes p
for which the polynomial X2 — a splits in Fp, i.e., the set of primes p
where a is a square in Fp has density % [20]. To ensure that we can
use small primes and keep a non negligible probability to have a
correct answer, we need an effective version. This effective version
of Chebotarev’s density theorem requires GRH and can be found
in [19] (Theorem 4).

Our application of the effective Chebotarev’s density theorem
leads us to the following key lemma. The statement directly follows
from [19] (Theorem 4) for the splitting field of X% — a. This only
makes sense when disc(X? — a) = 4a does not vanish in Fp. This is
the reason why we only consider primes p that do not divide 4a.

LEMMA 14. Let a be a positive integer that is not a square. For

x > 2, we define:
|{p prime < x,a is not a square mod p and p 1 4a}|
da(x) = - .
[{p prime < x}|
There exists a constant C such that, under GRH, for all x > 2,

< Clogzx
Vx

(logy(4a) +2log, x) .

dal) -

Now we can state the main lemma.

LEMMA 15. Leta < 22' be a positive integer that is not a perfect
square. Then there exists an integer polynomial q such that for x =
29) e have dg(x) > %.

Proor. From Lemma 14, the following inequality holds:

log, x
Vx

To conclude, we need to ensure that

dg(x) > % -C (log,(4a) + 2log, x).

1 1
C O‘g/f_cx (log,(4a) + 2log, x) < 7 ie.,
1 +x
1 4a) < - -21 .
og,(4a) < 4 Clog, x 082 %
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With a < 22t, and x = 2‘1(‘), it is sufficient to have

1 2%[)
22 < - ——— —2q(b). 4
acqn
and one can see that q(t) = O(#?) satisfies Equation (4). O

If one chooses q(t) as in Lemma 15, our randomized algorithm
runs in polynomial time and has a one sided error for solving
Problem 7. This completes the proof of Theorem 11.

4.3 About the One Dimensional Variant

In the previous section, we showed that it is enough to focus on
Problem 6. Suppose spanQ(\/a_l, Vaz, ..., v/an) = Q- +/ay. Then,
for all i, yaja; € N. And § = Y diva; = 0 & Sya; =
X1, 8ivfaiar = 0, with Sy/a; € N. One approach to design an
algorithm to test Sy/a; = 0, is reducing it modulo a randomly
selected prime number p. The problem with this approach, is that
once we have reduced a;a; modulo p, one can compute its two
square roots in F) but there is no way to decide which one of the
two is the correct representation of y/ara; in Fp. Determining the
correct reduction of Sy/a; modulo p seems like a non trivial task.
And we most likely need a different approach in order to tackle
Problem 6.

5 AN APPLICATION TO SUMS OF
LOGARITHMS

In order to motivate the interest of proving bounds for the order
of sums of certain power series, we show that the approach of
Kayal and Saha [14] that led to a non trivial statement for the Sum
of Square Roots problem can also be used to establish non-trivial
statements for other fundamental number theoretic problems. In
particular in this section, we focus on the sums of logarithms that is
a well-studied problem [3, 12] and is related to deep number theory
conjectures.

PROBLEM 8. Given two lists (a1, a, ..., an), (¢1,¢2, ..., cp) of in-
tegers with a; > 0, decide if
n

Zci loga; > 0.

i=1

Similarly as for the Sum of Square roots problem (Problem 1),
the complexity in the bit-model of Problem 8 is an open question.
A refinement of the abc-conjecture formulated by Baker [4] would
imply Problem 8 to be in P. Interesting details about the link between
the complexity of Problem 8 and open questions in number-theory
can be found in [12]. All these conjectures essentially state the
existence of a gap, namely that a non-zero sum of logarithms can
not be too close to zero. These gaps or lower bounds are very similar
to Problem 4 but in the case of logarithms. Our goal is to reuse the
analogy between polynomials and integers in order to deduce a
lower bound for a non trivial class of instances of Problem 8 via a
lower bound on the order of a non-zero sum of logarithms of real
polynomials.

PROPOSITION 2. Let S(x) = 37, cilog(fi(x)) # 0, wherec; € R,
fi € R[x] of degree at most d and f;(0) > 0. Then ord(S) < nd.
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Proor. First, if f;(0) > 0, the power series log fi(x) is well de-
fined in a neighborhood of 0. So, S admits a valid power series
expansion. Now, we have

o o XL 1CiFi(x)
S )‘Zc’ﬁ( ) T T i)

with Fi(x) = f/(x) [14 fj(x), is a polynomial of degree < (n —
1)d+d—1=nd - 1. As f;(0) # 0, we have:

ord(S’) = ord (i ciF,-(x)) < deg (i

i=1 i=1

ciF,-(x)) <nd-1.

Finally,
ord(S) < ord(S’) +1 < nd.
0
And now, we can instantiate Proposition 2 over integers and

obtain the following gap theorem for a restricted but non trivial
class of the instances of Problem 8.

THEOREM 6 (SUM OF LOGARITHMS OF POLYNOMIAL INTEGERS). Sup-
pose E = 31, ciloga; is non-zero, where ¢; € Z, and every a; is
a positive integer of the form a; = X% + bl,iXdi_l + o+ by,
where di > 0, X is a positive integer and d;, bj ; are integers. Let
B = max ({lbf,i|}j B l) ,d = max; d; + 1, and C = max; |c;|. There
exist two fixed integer polynomial p1(n,d), p2(n,d) in n and d such
that if X > max (CZ, (B+ l)Pl("’d)), then E is lower bounded as

1
Bl 2 7 tmar-

Proor. We choose any integer polynomials p1, py satisfying the

following conditions and show that they satisfy the claimed bounds:
p1(n,d) = 20dnlog(dn), (5)
p2(n,d) = 1+dn(log(dn) +1). (6)

One can write E as follows:
n n
E= Zcidi logX+Zcilog (1 + —
i=1 i=1

=S

di,i
Xdi

=A
IfA+#0,as 2?21 cid; is a non-zero integer, we have
|A] > log X.

So an upper bound for S of the form |S| < logX is enough to
prove that |E| > % log X. And we have the bound

b1 by
|S| < nC max log 14 28y Tt
1<i<n X Xdi
ba
Now, as Vx > 0,log(1 + x) < x, and %+ -~+% < %,we
have
B
IS| < nC
X —
But, asCSX%
1
B nBX? 2nB 2nB
|S| < nC < <—<—F0,
X— X—l X§ (B+1)Ep1(n,d)
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X

> since X > 2. Then, to have |S| < %logX, it is

because X — 1 >

sufficient that:
pr(nd)log(B+1)(B+1)2P1(md) _4np >0, )

One can easily check that Equation (7) holds using Equation (5) and

thus, |E| > 3 lOgX = sz(nd)

If A = 0, we show that |E| = |S| > W.Lety = )l(,we have
n
S:Zcilog(1+b1,iy+---+bdi’iyd") Z Zcz ij
i=1 j=1 =1
=hi(y) s
J
( 1 k+1

a\k
(bl,iy+"'+bd,-,iy ’) .

with ki (y) = Zh,jyf = Z

By applying Proposition 2, the minimum exponent ¢ such that
Se # 0 is such that ¢ < dn. The idea of the proof is to show that for
every t > 1,

< , 8
ISel ot +1 ®)
because in this case, we would have
1 1
1512 115¢l = ISeval = -1 2 Isel = 5 Isel| = 2 15el. - ©)

and one can obtain a lower bound for |S| via a lower bound for |Sp|.
But to satisfy Equation (8), one also needs an upper bound on S¢.+,
for every t.

These two lower and upper bounds are both obtained as in the
proof of Theorem 2 in [14]. The technical details can be found
in Section 5.1. In the end, we show that conditions on p; and p;
(Equations (5) and (6)) are sufficient in order to satisfy Equations (8)
and (9) and then deduce that |E| = |S| > W.

[m}

5.1 Bounds for the Proof of Theorem 6

We recall that we have

S= Zn: cilog (1 +biiy+---+ bdi’iydi) = Z y Zn: cihi j
i=1 j=1 =1

N—————
Sj

=hi(y)

( 1)k+1

4;\k
oo )

with h; (y) = Zh,,y = Z

The goal is to show that p;(n, d) and p2(n, d) satisfying Equa-
tions (5) and (6) give both an upper bound and a lower bound on
S; that allows us to satisfy Equation (8).

J
An upper bound on S;:
For any j, h; j is contributed by the term of order j in the sum
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(- 1)k+1 d: k .
> (bl Y+ +bg iy ’) for k in range [1, j]. Then
J k+1
(=1 .
hi,j = Z X Vk,ij» with
k=1
k k- kd-
Uk,ij = ( )bl,li byl
ky+2ko - +dikg,=j ki ke, ..., kg,
kitko+--+ka, =k
where ki, k2, . . ., kg, are non-negative integers. Notice that for k <

C%, Ui, j = 0 as the sum is empty. Then

kitkz+:-+ka, =k

< (Bdy)k < (Ba)k.

(71)k+1
k

k

lo,i,i] < (kl, ko, ... kg

) |b1’i|k1 T ibdi,i|kd

(Multinomial theorem)

<1,

Since

J
|| < Z(Bd)k < (Bd)T*L.
k=0
Hence, let S = ;51 Sj, with §; = yj > cihij satisfies for all
j=1
IS;| < y/nC(Bd)/*.

A lower bound on S;:
Now we prove a lower bound for |S;| = y¢ |Z;’=1 cihi,[| # 0. We

have
3
iclhl Zn: Z )kH Vkif = Z - 1)k+1 (Zn: Civk,i,f)-
i=1 =1 =1 i=1

€Z
So ¢! (Z?zl Cihi,() is an integer. Then, if 3.7 c;h ¢ # 0,

n

Z cihiyg

i=1

t! > 1.

And finally, we obtain

)
Se| > il

With the obtained upper and lower bound, we can now deduce a

requirement that ensures Equation (8) to be satisfied. Actually, it is
sufficient that for every t > 1,

1

nth(Bd)HHl{" < o ie. (10)

(11)

T
Xt > 2 nC(Ba) e,
Recall that C < X'/2 and ¢ < dn, so it suffices that
xt=3 > 2t+1n(Bd)nd+t+1(nd)!‘
By applying log, it is sufficient that for all t > 1,
(1= )p1(nd) log(B+1) (t + 1) log(2) + log(n)
+ (nd + t + 1) log(Bd) + nd log(nd).
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Therefore, one can show that p1(n,d) > 20dnlog(dn) is sufficient
(this bound is not optimized at all). And in this case, by Equation (9),
we have

1 1
> ,
Xp2(nd)

NEEE
z 3 el >

1
>
200Xt~ otlogt+lyt

with pa(n,d) > dn(log(dn) + 1) + 1.

6 CONCLUSION AND OPEN QUESTIONS

In Theorem 5, we greatly generalized the ideas developed in [14].
This leads to the fact that the results in [14] can be generalized to
various other families of power series, as evident in Corollary 1.
The Wronskian approach of [14] was also proven to be tight, up
to a polynomial blowup. Our work also made significant progress
in the straight line variant of the classical SSR equality problem.
We also extended the results of [14] for sign testing of the sum
of square roots of polynomial integers to a linear combination of
logarithms of polynomial integers, solving a special case of Problem
2 proposed in [12]. There are several directions for future research:

(1) Part (2) in Corollary 1 applies to some special cases of solu-
tions of 2nd order differential equations, like cos f where f
is a polynomial. It would be intriguing to see if this applies
to generic solutions of higher order equations.

Can we generalize Theorem 1 by bounding the order of

sums of arbitrary algebraic power series? Square roots of

polynomials are examples of algebraic functions. However,
finding a satisfying way to bound the order of the Wronskian
determinant of a family of algebraic power series is challeng-

ing. The best upper bound we could find is about rpoly(n) g

where (r,d) is a bound on the bi-degree of the polynomial

equations satisfied by the algebraic power series.

(3) We saw that both the sign testing of the sum of square roots
and logarithms are specific examples of PosSLP. In order
to advance in understanding the complexity of PosSLP, it
is important to consider other special cases. For instance,
the following are additional special cases of PosSLP that are
worth exploring.

(a) Given positive integers a, b, ¢, n in binary, determine the
sign of a” + b™ — ¢". To our knowledge, even this very
special case of PosSLP remains open.

(b) Given an integer trinomial f(x) := ¢1 + caxj + c3x® €

Z[x] and a rational ‘g determine the sign of f (2—’) This

problem was posed in [16]. Significant progress was made
on it in [9] but the general form of the problem remains
open.
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