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Abstract

The multivariate (or Macaulay) resultant is a polynomial in the coefficients of homogeneous
polynomials py,...,p, € Z[x,...,x,]. It vanishes precisely when these polynomials have a
nonzero common complex root, which makes the resultant a fundamental object in computational
algebra and algebraic geometry. The degree of a resultant can be exponential in n, even when
the input forms are quadratic. A recent breakthrough of Andrews, Garg, and Schost (FOCS 2026)
showed that multivariate resultants can nevertheless be evaluated in the counting hierarchy. On the
complexity side, testing whether a resultant vanishes is only known to be NP-hard. We significantly
narrow down the complexity of multivariate resultants by proving the following:

1. Polynomial-size arithmetic circuits for multivariate resultants imply VP = VNP.

2. Evaluation of multivariate resultants modulo powers of two is #P-hard, and determining a
specified binary digit of their absolute value is PP-hard under many-one reductions.

3. Deciding the sign of a resultant is ®@P-hard, even when it is guaranteed to be non-zero.

These results imply that even determining the sign or a specified bit of a resultant lies outside
the polynomial hierarchy, unless the hierarchy collapses. The hardness results already hold for
the resultants of homogeneous quadratic forms defined by symmetric tensors of order three. Such
resultants are also known as tensor determinants (or symmetric hyperdeterminants), and are, up to
normalization, discriminants of the associated cubic forms.

We also apply resultants to real feasibility, proving that the existential theory of the reals belongs to
the counting hierarchy (ETR € CH). Using the critical point method and resultant-based elimination,
we reduce real feasibility to real-root tests for univariate polynomials of exponential degree. We
then guess polynomial-length certificates for univariate real-root existence from short partial Thom
encodings. We verify these certificates by encoding the parity of the number of matching real roots
using the sign (of a coefficient) of a parameterized resultant. This extends the parity encoding used
in our sign-hardness proof. Crucially, we use the constructions of Andrews, Garg, and Schost to
preserve CH-access to the coefficient bits throughout, allowing the entire procedure to remain in the
counting hierarchy.
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1 Introduction

Arguably the most fundamental problem in computational algebra is to decide whether a system of
polynomial equations over the complex numbers C has a solution. Due to its role in a famous connection
between algebraic geometry and algebra, this is also known as the Hilbert Nullstellensatz problem.

Problem 1.1 (Polynomial satisfiability over C). Given a list of polynomials py,..., pr € Z[x{,...,Xxn],
each specified as a list of monomials and coefficients, decide whether there is a point @ € C" such that

pi(a) =---=pr(a) =0.

When all polynomials are of degree at most 1, this problem amounts to solving a linear system of
equations and therefore admits efficient algorithms. Even for polynomials of degree 2, the problem
is NP-hard, for example, because it can be used to decide whether a graph G = (V, E) contains an
independent set of size k: Introduce a variable x,, for each v € V and consider the |V| + |E| + 1 equations

x,(x, —1)=0forallveV,  x.x, =O0foralluveE, va:k.
vev

The joint solutions correspond precisely to independent sets of size k: The first equations force x, €
{0, 1}, the second ensure non-adjacency, and the last equation checks that exactly k vertices are selected.

Upper bounds for polynomial system satisfiability. In contrast to NP-hardness, proving that poly-
nomial satisfiability over C is contained in NP seems much more difficult. Unlike over small finite
fields, a solution over the complex numbers need not have a polynomial-length representation and hence
cannot simply be guessed as a witness. For a long time, the best known unconditional upper bound for
polynomial satisfiability over C was PSPACE, due to Canny [Can88].

Koiran [K0i196] showed that, conditional on the Generalized Riemann Hypothesis (GRH), polynomial
satisfiability over C lies in the polynomial-time hierarchy, even in AM. His algorithm is essentially a
randomized reduction to satisfiability over Z/pZ: Once a prime p of polynomial bitlength is fixed,
satisfiability admits a polynomial-length witness, as the variables range over Z/pZ. Koiran proves that
an unsatisfiable system can become satisfiable modulo only comparatively few primes, whereas GRH
guarantees that a satisfiable system is satisfiable modulo sufficiently many small primes. This gap can
be detected by an Arthur—Merlin protocol.

More recently, Andrews, Garg, and Schost [AGS26] discovered a different route and showed that
polynomial satisfiability over C lies in the counting hierarchy CH without assuming GRH: They reduce
general systems to resultant computations and then transform uniform constant-depth arithmetic circuits
of exponential size for resultants into algorithms in CH. Resultants are among the central algebraic
tools for studying polynomial systems. The CH algorithm gives an efficient connection between the
computational complexity of resultants and that of polynomial satisfiability, providing a strong motivation
for understanding resultant computation.

Remark 1.2. The full GRH is not needed for this upper bound. Assuming the zero-free region for
Dedekind zeta functions claimed by Cureton and Thorner [CT26], the prime-ideal estimate of Frei,
Sofos, and Widmer [FSW26] implies that polynomial satisfiability over C lies in AM; see Appendix F.
For related earlier claims, see OpenAl [Ope26c].

Hilbert’s tenth problem. For a subring A € C, let HN4 denote the problem of deciding whether a
finite system of polynomial equations with integer coefficients has a solution in A. In particular, HN¢ is
the problem in Problem 1.1.

Hilbert’s tenth problem asks for a uniform algorithm that, given a Diophantine equation (a polynomial
equation with integer coefficients), decides whether it has a solution in integers. A finite system of such
equations has an integer solution exactly when the sum of the squares of its constituent polynomials has
one. Thus Hilbert’s tenth problem is equivalent to HNz. The MRDP theorem, proved by Matiyasevich
building on work of Davis, Putnam, and Robinson, shows that no such algorithm exists [Mat70; Dav73].



The analogous problem HNg, often called Hilbert’s tenth problem over Q, asks whether an integer
polynomial system has a rational solution. Its decidability is a well-known open problem; see [Poo08].
OpenAl has released a preprint claiming that this problem is undecidable [Ope26b].

Real feasibility. As defined above, HNr asks whether a finite system of polynomial equations with
integer coefficients has a real solution. It is related to the existential theory of the reals, denoted ETR,
the set of all true sentences of the form

Axq,..xp €R: P(xq, ..., X)),

where ¢ is a quantifier-free Boolean combination of polynomial equations and inequalities with in-
teger coefficients. The class JR consists of the decision problems that reduce to this theory under
polynomial-time many-one reductions. Although HNr only asks about equations, inequalities and
Boolean combinations can be encoded using equations and additional variables. This implies that HNg
is complete for AR [SCM24, Section 1.1]. Thus IR also consists of the problems that reduce to HNy in
polynomial time, just as NP consists of the problems that reduce to Boolean satisfiability.

The class 3R captures many problems in geometry and optimization, including geometric realization
and graph drawing problems, and has applications in robotics and control theory. It was known to be
contained in PSPACE [Can88]; see [Sch13, Section 1] and [SCM24] for background.

The class 3R also has a connection to computation over the reals. In the Blum—Shub—Smale
(BSS) model, registers hold arbitrary real numbers, and arithmetic and comparison operations take unit
time [BSS89]. The classes Pr and NPy are the deterministic and nondeterministic polynomial-time
classes in this model. To connect the BSS model to Boolean complexity classes, we restrict inputs to
Boolean strings and machines to the constants 0 and 1; write BP(P?R) and BP(NP%) for the resulting
classes. Let PosSLP be the problem of deciding whether a division-free straight-line program computes
a positive integer. The relationships between these classes and Boolean computation are

BP(PY) = pPosStP [ABKMO09],
BP(NPY) = 3R [SCM24, Section 1.1].

The first equality motivates the conjecture that its nondeterministic counterpart also holds: IR =
NPPosSLP [SCM24, Section 1.2]. Allender et al. also showed that PosSLP € CH [ABKMO09], although
this bound alone does not establish that IR € CH.

Resultants. For a square matrix M, the system Mx = 0 has a nonzero solution exactly when det M = 0.
Resultants extend this test to homogeneous polynomials, whose monomials all have the same total degree.
For each choice of positive degrees dj, ..., d,, the multivariate resultant is a fixed polynomial in the
coeflicients of n homogeneous forms fi,..., f, in n variables. It vanishes exactly when the forms have
a common nonzero solution over C. We write Res,(ld) when all degrees are d; in particular, Res,(f) is the
resultant of n quadratic forms. The linear case is the ordinary determinant.

Multivariate resultants in general have determinantal representations: classical Macaulay formulas
express them as quotients of determinants, and D’Andrea and Dickenstein [DDO01] give further explicit
formulas. For sparse resultants, D’Andrea, Jeronimo, and Sombra [DJS23] obtain analogous quotient
formulas under suitable hypotheses. These formulas are useful for computation, although the matrix
sizes can grow exponentially with the number of variables.

As a more familiar example, consider univariate polynomials f, g € C[¢] of positive degrees. Their
resultant is a polynomial in the coefficients of f and g, and it vanishes exactly when they have a common
root. It is also the determinant of their Sylvester matrix. Suppose f and g have degrees r, s and leading
coeflicients a, b, respectively. Write their roots, with multiplicity, as «,...,a, and 81, ..., Bs. By the
Poisson formula [CLOO0S5, Chapter 3], their resultant is given by

Res(f,g) =a’b" ﬁ ﬁ(ai -Bj) =a’ ﬁ g(a;).
i=1

i=1 j=1
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To connect this example with homogeneous systems, introduce F(x,y) = y" f(x/y) and G(x,y) =
y¥g(x/y). Since the leading coefficients a, b are nonzero, F' and G have no common nonzero solution
with y = 0. Their common nonzero solutions therefore correspond to common roots of f and g by
t =x/y, and Res, 5 (F,G) = Res(f, g).

We briefly discuss a geometric motivation for computing a resultant polynomial. Consider n» homo-
geneous polynomials f = (fi,..., f,) of positive degrees in variables xo, . . ., X, over an algebraically
closed field K. If f defines a finite projective set X C P”, then computing the intersection multiplicity
my of fi,..., f, at a point x € X (which intuitively measures how ‘deeply’ the polynomials intersect
at x) is a fundamental problem in algebraic geometry. One can use multivariate resultants for this as
follows. Take a generic linear form ¢ = Z?:o u;x; defined over K(uo, ..., u,), and choose a nonzero
representative ¥ € K™*! of each x € X. By the multivariate version of the Poisson formula [CLOO0S5,
Chapter 3] there is a scalar ¢ € K*, independent of u, . . ., u,, such that

ReSyy. ey (fiso o S O) = ¢ [ [ €@™.

xeX

Thus factorization of the resultant polynomial in K[u,...,u,] gives the intersection multiplicities
at x € X. This illustrates an application of computing the resultant polynomial beyond deciding its
vanishing. We encourage readers to consult [CLOO5, Chapter 3] and [GKZ94, Chapter 13] for a
comprehensive treatment of resultants. We give the definition and properties in Section 2.

For integer-coefficient systems, one can also study the resultant’s value, its sign, and the bits of its
absolute value. This raises the following questions about the computational complexity of resultants.

Problem 1.3 (Complexity of the multivariate resultant). How efficiently can one evaluate a multivariate
resultant or decide whether it vanishes? As n and the degrees vary, how small can arithmetic circuits over
C for these polynomials be? In particular, does the family {Res,(f) }n>1 have circuits of size polynomial
inn?

Grenet, Koiran, and Portier [GKP13] showed that deciding whether a resultant is zero is NP-hard
for low-degree systems, over fields of any characteristic. For systems with integer coefficients, they
also observed that deciding whether the resultant vanishes lies in AM under GRH, by reduction to
the Hilbert Nullstellensatz problem [GKP13, Proposition 1 and Corollary 1]. They also examined the
large matrices used in classical resultant formulas. Although these matrices can have exponential size,
a small Boolean circuit can compute any requested entry in binary from its binary row and column
indices. For general integer matrices given by such circuits, deciding whether the determinant is zero
is PSPACE-complete [GKP13, Section 4.2, Theorem 7]; the problem is already hard for 0/1 matrices
whose determinant is promised to be 0, 1, or —1. This does not establish the same hardness for Macaulay
matrices, but it shows that their short descriptions alone do not make determinant computation easy.

Andrews, Garg, and Schost [AGS26] subsequently found a way to exploit the structure of resultants:
they constructed uniform constant-depth arithmetic circuits of exponential size and obtained counting-
hierarchy algorithms for resultant computation. We study the arithmetic circuit complexity of the
resultant as a polynomial, as asked in Problem 1.3; our result is stated in Theorem 1.4. We also study the
complexity of evaluating it modulo an integer (Theorem 1.8) and determining its sign (Theorem 1.11).

Tensor determinants. To prove our hardness results in Section 1.1, we study resultants arising from
symmetric cubic tensors. Such a tensor A = (a;;x) is an array whose entries are unchanged by
permutations of their indices. It defines n quadratic forms (Ax?); = Z;?’ k=1 @ijiXjXi. Their resultant
is the tensor determinant Det,(A) [HHLQI3, Definition 1.2]. Qi called its restriction to symmetric
tensors the symmetric hyperdeterminant [Qi05, Section 2, Proposition 1]. We use tensor determinant
throughout. It vanishes exactly when these quadratic forms have a common nonzero solution. We give
the formal definition in Section 2.

The word hyperdeterminant also refers to a different construction. The geometric hyperdeterminant
of Gelfand, Kapranov, and Zelevinsky detects degeneracy of a multilinear form on a product of projective



spaces [GKZ94, Chapter 14, Section 1]. Its defining polynomial exists when the corresponding dual
variety is a hypersurface. The tensor determinant instead tests whether the homogeneous system Ax? = 0
has a nonzero solution. The two constructions agree for symmetric 2 X 2 X 2 tensors, but differ in general:
for 3 x 3 x 3 tensors, their degrees are respectively 36 and 12 [BHO14, Section 1]. The VNP-hardness
conjecture of Hillar and Lim [HL13, Conjecture 13.1], discussed also by Joux and Narayanan [JN25,
Section 1.2] and Narayanan [Nar25, Section 1.4], concerns the geometric hyperdeterminant. Our results
concern the tensor determinant and do not settle that conjecture.

There is also a combinatorial hyperdeterminant, defined by extending the permutation formula for
matrix determinants to even-order tensors [HL.13, Section 4]. Barvinok proved that testing whether it
is zero is NP-hard under polynomial-time Turing reductions for integer tensors of order four [Bar95,
Corollary 5.5.2]; see also [HL.13, Sections 1.4 and 4] for this reduction convention. Gurvits proved
#P-hardness of its evaluation, and Hillar and Lim observed that the same reduction gives VNP-hardness
[HL13, Section 4, Theorem 4.2 and Corollary 4.3]. This combinatorial construction is distinct from the
tensor determinant studied here.

1.1 Our Results

The resultant Resﬁlz) of quadratic forms has n("zl) coefficient variables and degree n2"~!. Its degree is

too large for it to belong to the usual polynomial-degree classes VP or VNP. Nonetheless, it could have
circuits of polynomial size and exponential degree: for example, x** has an O (n)-size circuit by repeated
squaring. Our first result is that such small circuits for the resultant would falsify Valiant’s hypothesis.

Theorem 1.4 (Algebraic hardness of resultants). If the polynomial family {Resf,z) }n>1 has poly(n)-size
arithmetic circuits over C, then VP = VNP.

In fact, the same conclusion already holds if poly(n)-size circuits exist for the family of tensor
determinants {Det,, (A) },,>1 restricted to symmetric tensors A of order three.

Remark 1.5. Although the hardness result is stated over C, the same proof works over any field of
characteristic zero. If Resﬁlz) has quasi-polynomial size circuits, the proof of the above theorem instead
gives VNP C VQP, which would be contrary to Valiant’s extended hypothesis [Biir00, Corollary 2.31].
We get an inclusion but not an equality, since VQP is not contained in VNP [Biir00, Corollary 8.9].

Since discriminants and symmetric tensor determinants are the same up to a natural change of
coordinates and an explicit scalar, we also obtain the hardness of the (cubic) discriminant as a corollary.

Corollary 1.6 (Algebraic hardness of discriminants). If the family of discriminants {A,,(f)}n>1 of cubic
forms f in n variables has arithmetic circuits of size poly(n) over C, then VP = VNP.

Just as for matrices, one can study the spectral theory of (cubic) tensors [Qi05; HHLQ13; QLI17].
For an indeterminate A, one can consider the characteristic polynomial Det,,(1/ — A) where [ is the
(cubic) identity tensor. And just as for matrices, the coefficients of this polynomial give fundamental
invariants of the tensor. To prove our hardness results, we study a closely related characteristic coefficient
polynomial

@, s(A) := [z*] Det, (I + zA),

the coeflicient of z* in the polynomial Det,, (1 + zA). It is a homogeneous polynomial of degree s in the

entries of A, and we show that a particular family of these coefficients is VNP-complete.

Theorem 1.7 (VNP-completeness of the coefficient family). Let A be a generic symmetric tensor of
order three. The family

{q)5m2,m2 (A)}m23

is VNP-complete under p-projections over C.



For symmetric integer tensors A with binary-encoded entries, exact computation of ®,, ;(A), with
1 < s < n, is also #P-hard under polynomial-time counting many-one reductions (Lemma 4.5). These
low-degree coefficients have polynomial bit length, by Lemma 4.2.

We now turn to the problem of evaluating the resultant. Even for quadratic forms with coefficients
of constant bit length, the resultant can have doubly exponential magnitude, and therefore, exponentially
many bits. So we instead ask for the value modulo 2*, with k given in unary, so the output is polynomial
in the input size.

Theorem 1.8 (Hardness of modular evaluation). Given quadratic forms fi, ..., fu € Z|x] with coeffi-
cients encoded in binary, and any integer k > 1 specified in unary, the problem of computing

Resﬁ,z)(fl, .» f») mod 2%

is #P-hard under polynomial-time many-one (counting) reductions.

The modular hardness already holds for Det, (A) with A an integer symmetric tensor of order three.
Computing an addressed bit || Det,(A)|/2/ | mod 2, with j > O supplied in unary, is PP-hard under
polynomial-time many-one reductions, even when Det,,(A) > 0.

Remark 1.9. By Toda’s theorem [AB09, Theorem 17.14], we know that PH C P#*P_ Thus, Theorem 1.8
makes it unlikely that modular resultant evaluation is in PH, as that would collapse the polynomial
hierarchy.

For the problem of modular evaluation of the tensor determinant, the proof of the above theorem also

gives a matching upper bound.

Corollary 1.10. For an integer symmetric cubic tensor A of dimension n, and integer k > 1 specified in
unary, computing Det,, (A) mod 2% is FPPP-complete under polynomial-time Turing reductions.

One could then wonder about the complexity of computing the sign of the resultant. We show that
even this is @P-hard, already for resultants of quadratic forms.

Theorem 1.11 (Hardness of sign computation). Given quadratic forms fi,..., fn € Z[x], deciding
whether Resflz) (f1s..., fn) > 0 is ®P-hard under polynomial time many-one reductions.

The hardness in fact holds for deciding whether Det,, (A) > 0, where A is an integer symmetric cubic
tensor of dimension n with O (n) nonzero entries and Det, (A) # O.

Remark 1.12. The class &P can be seen as decision problems corresponding to the least significant bit
of a #P problem. Even though we do not know if NP is contained in P®P, the first half of the proof of
Toda’s theorem shows that PH € BPP®P (see, for example, [For09]). Combined with the Sipser-Gacs-
Lautemann theorem [AB09, Theorem 7.15] that BPP C PH, the hardness of sign computation implies a
collapse of the polynomial hierarchy if the sign of the resultant could be computed in PH.

We can also show that computing the sign of a univariate resultant (of exponential degree) is ®P-
hard, even when the polynomials are given as constant free arithmetic circuits. We include a proof in
Appendix E.

Our next result is an application of resultants to the study of real feasibility. Using standard techniques
in the field of real algebraic geometry and the work of Andrews, Garg and Schost [AGS26] on resultant
computations, we show that the existential theory of the reals is in the counting hierarchy. The same
technique of encoding parity by resultant signs used in our previous sign-hardness result plays a central
role here.

Theorem 1.13. 3R € CH.

Remark 1.14. A few observations are in order. First, our proof of IR C CH uses resultant-sign compu-
tations. Placing unrestricted resultant-sign computation in PH would collapse the polynomial hierarchy
by our hardness result. This presents a barrier to improving the bound through a general algorithm



for computing resultant signs. It does not rule out faster algorithms for the restricted resultant families
arising in real feasibility. Concurrently and independently, OpenAl [Ope26a] and Meiburg [Mei26]
also announced that 3R € CH. As far as we can tell, their proofs also seem to need resultants, albeit
implicitly.

Second, we note that Guo, Saxena, and Sinhababu [GSS19] introduced the Approximate Polynomial
Satisfiability (APS) problem, where we are given polynomials py, ..., p, € Z[x], and asked to decide
if there is a point @ € C(&)" such that for all i, we have lim._,g p;(@) = 0. Recently, Balaji, Shirmo-
hammadi, Tavenas, and Worrell [BSTW?26] show that APS reduces to ETR in polynomial time. Since
CH is closed under polynomial-time reductions, Theorem 1.13 implies that APS € CH, an independent
route to the direct bounds of [AHPS26; BSTW26].

1.2 Proof Outline
1.2.1 Hardness of Resultant

The starting point for the VNP-hardness and #P-hardness results is a grid encoding of the permanent
by Brand et al. [BCKLOSW26, Lemma 25]. See also Curticapean and Wang [CW26]. This standard
construction gives us a symmetric tensor A = A,,(Z) of dimension N whose indices are partitioned into
groups £;; corresponding to positions (i, j) € 72, of a toroidal grid. For every possible way of assigning
one index v;; € ;; at each position, we take the product of the tensor entries on all grid triangles, and

we sum these weights:
Hy(A) = Z l_[ Avij,Viel, Vi, j+l

vij€&ij (i,j) €23,
Here grid coordinates are taken modulo m. The construction ensures that H,,(A,,(Z)) = per(Z) is
hard. Related grid encodings have been used before in the context of counting patterns by Curtica-
pean and Marx [CM14] and Curticapean [Cur24], and in algebraic complexity by Dwivedi, Pago, and
Seppelt [DPS26, Lemma 8.3].
We make the curious observation that, for m = 3" + 1 and tensors supported on the grid triangles, the
characteristic coefficient polynomial agrees with the grid assignment polynomial up to a constant factor.

(I)N,mz (A) = KN,mHm(A)’ KN,m * 0.

Methods for recovering individual graph counts from linear combinations [Cur24; DPS26], combined
with insights from combinatorial expansions of tensor determinants [HHLQ13; SQH15] already suggest
that one could extract a hard grid term from @y ,,2(A). Indeed an earlier version of the paper invoked
these techniques. The surprising feature of our new reduction is how direct the extraction is: for the
chosen grid sizes, restricting the support already suffices to obtain the displayed identity.

For the algebraic reduction, one extra diagonal entry of the permanent instance cancels «x ;. This
gives the p-projection in Section 3.4. For the counting reduction, we recover the normalization from the
same answer as the count by a more involved padding argument. Finally, evaluating the shifted tensor
determinant at a sufficiently large power of two recovers a large characteristic coefficient as a signed
digit. The construction and the decoding have polynomial size, giving a single-query reduction.

The sign-hardness proof (Theorem 1.11) proceeds in a different way. It reduces from counting
(modulo 2) integer subsets summing up to at most 7' by encoding subsets S C [n] as the simple real
zeros of x;(x; + 1) = 0 for i € [n]. Given positive integer weights w; and an integer threshold 7', a
further quadratic takes the value 2 };cs w; — (2T + 1) at the zero for S. These values are nonzero and
negative exactly for subsets of weight at most 7. The Poisson product formula expresses the resultant,
up to a positive factor, as their product, so its sign records the parity of the number of such subsets. A
suitable scaling realizes the homogenized equations as a sparse symmetric tensor, proving @P-hardness.
This connection between resultant signs and the parity of real solutions also underlies our real-feasibility
algorithm, outlined next in Section 1.2.2.



1.2.2 3R in the counting hierarchy

At a very high level, the algorithm proceeds through the following steps. Starting from a nonnegative
degree-four polynomial encoding the instance, we define a finife complex set whose real points witness
feasibility. We then use multivariate resultants to project this set to a family of univariate polynomials:
the original instance is feasible if and only if every polynomial in the family has a real root. To test each
polynomial for a real root, we guess a short fingerprint for some root, and use the sign of (a coefficient
of) a univariate resultant to detect whether an odd number of real roots match it. A short fingerprint is
guaranteed to exist whenever a real root exists.

Now both resultant constructions may produce polynomials of exponential size. We crucially rely on
the constructions of Andrews, Garg, and Schost [AGS26] because they let us maintain compact access in
CH to coeficient bits through these computations. Together with the closure properties of CH, this lets
us test fingerprints and quantify over projections within CH. We give an intuitive explanation of each
step below.

1. Choosing a nice IR—complete problem
Deciding whether a degree-four nonnegative polynomial Q has a real zero is AR—complete.

l

2. Defining a finite witness set
Perturb Q using a positive-minimum gap. Feasibility is equivalent to a real point in a finite complex set.

l

3. Constructing a family of univariate polynomials
Q has a real zero if and only if every polynomial in a family of univariate polynomials has a real root.

l

4. Testing if a univariate polynomial has a real root
The remaining problem is univariate: guess a short fingerprint of a real root.

l

5. Verifying the fingerprint
Use a resultant sign to test whether an odd number of real roots match the fingerprint.

Step 1: Choosing a nice IR—complete problem. We start with the IR—complete problem of deciding
whether homogeneous integral quadratics ¢qi, . .., g, have a common nonzero real solution [SCM?24,
Entry A6]. Homogeneity guarantees a solution (if it exists) on the unit sphere. We combine the equations
and the sphere condition into the nonnegative quartic polynomial

m n 2
0(x) = > q;(x)" + (Zx,.z- 1) .
j=1

i=1
It can be shown that the original instance is feasible exactly when Q has a real zero (see Lemma 6.10).

The sphere term also makes Q tend to infinity as ||x|| — oo, so Q attains its minimum. Now feasibility
is equivalent to asking whether this minimum is zero.

Step 2: Defining a finite witness set. 'We would like to use the critical point method [Bas17, Section 2.2]
to find this minimum. However, every zero of Q (of which there could be infinitely many) is a global
minimum and satisfies the critical point equations 9;Q(x) = 0 for i € [n]. We need a finite witness set,
and we use the fact that if the instance is infeasible, there is an effective number y > 0 such that Q > vy
everywhere. Although vy can have an exponentially long representation, its bits are efficiently accessible
(see Lemma 6.11).

Therefore, we add a small degree-six (smallest even number greater than deg Q) perturbation and set

H(x)=0(x) + %fo

9



We define the complex set
Z={z€C":H(z)=7v/2, 9;H(z) =0for2 <i < n}.

The perturbation makes Z finite, and the gap ensures that Z has a real point exactly when the original
instance is feasible (Lemmas 6.12 and 6.13). The algorithm does not actually construct or enumerate Z,
it works with its defining equations instead.

Step 3: Constructing a family of univariate polynomials. We use multivariate resultants to construct
a family of univariate projection polynomials. The finite set Z has a real point if and only if every poly-
nomial in the family has a real root (Lemma 6.14). Such univariate representations are standard [BPRO6,
Section 12.4], but the polynomials here may have exponential degree and coefficient bit lengths. We
therefore maintain compact coefficient access: the bit of a coefficient at a given index can be computed
in CH. The resultant constructions of Andrews, Garg, and Schost [AGS26] help preserve this access
through projection (see Lemma 6.15).

Step 4: Testing if a univariate polynomial has a real root. We now need to decide whether a
univariate polynomial R given by compact coefficient access has a real root. We replace R by its monic
squarefree part p, which has the same roots as R but without multiplicities. A standard way to count the
number of real roots in an interval is via the Sturm sequence [BPR06, Section 2.2.2]. This sequence can
have exponentially many members, so explicitly examining it does not give the required CH bound.

Instead, the key idea is to guess the description of some real root and verify it. Now each real root
of p has a distinct Thom encoding — the list of signs of the derivatives of p at that root [CR88] — which
could again be exponentially long. The closure properties of CH only allow a polynomial length guess.
Nonetheless, a halving argument (Lemma 6.18) shows that, if a real root exists, some root is uniquely
identified among the real roots by at most [log, deg p] derivative-sign conditions, which is polynomial
in the input size. We call this short list a fingerprint and guess it. Figure 1 illustrates how two derivative
signs can isolate a root.

p(x) = (x2 = 9)(x% — 36)(x2 — 49)

— — .
> X
-7 -6 =3 3 7
sgnp’(a) - + - + - +
+ o+ - - + o+

Figure 1: A fingerprint formed from the signs of the first two derivatives. Some roots share the same
two signs, but there is a fingerprint (+, —) that isolates the root 3.

Step 5: Verifying the fingerprint. For a guessed fingerprint, we construct a polynomial ¥ that is
nonzero at every real root of p and negative exactly at the roots matching the fingerprint. By the Poisson
formula, Res, (p, ¥ + 1) is the product of W(«) + ¢ over the roots & of p. Its lowest-degree nonzero
coeflicient is negative exactly when an odd number of real roots match the fingerprint: shared nonreal
roots contribute powers of ¢, and all remaining nonreal conjugate pairs contribute positive factors. This
parity test is established in Corollary 6.23.

If p has a real root, an isolating fingerprint selects exactly one real root, so some guess is accepted.
Conversely, an accepted guess selects an odd number of real roots, and hence certifies that a real root
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exists. The arithmetic and resultant constructions preserve compact coeflicient access, so the polynomial-
length fingerprint guess, and the quantification over projection polynomials remain in CH.

1.3 Background and Al use

In May 2026, the authors developed the initial proof strategy for the hardness results, based on the trace
expansion of the tensor determinant. ChatGPT assisted in developing initial proofs of the algebraic and
counting hardness results in Sections 3 and 4, and later helped us simplify and polish those proofs and
write the text. In September 2026, ChatGPT obtained the sign-hardness result in Section 5 and a proof
of IR € CH. The authors independently verified these results and subsequently developed the proof
in Section 6 with ChatGPT’s assistance. The authors take full responsibility for the results and their
presentation.

2 Preliminaries

2.1 Notation
We collect some notation that will be used throughout the paper.

* The set {1,2,...,n} is denoted by [n].
* We use bold lowercase symbols for tuples, including Boolean assignments, and ordinary lowercase
symbols for individual variables and input strings.

* For atuple e = (ey, ..., e,), the quantity |e| denotes the sum 37", e;. For a string w € {0, 1},
we use |w| to denote its length.
* For a variable tuple x = (x1,...,x;) and an exponent vector e = (e1,...,¢e,), we use x¢ to denote

the monomial [T/, x;". If f = 3, c.x® is a polynomial, then [x°] f denotes the coefficient c,.

We first give a set of preliminaries shared by the entire paper. The individual sections introduce
additional section-specific preliminaries.

2.2 Resultants

We begin by recalling the definition of the multivariate resultant, which is a classical object in algebraic
geometry [GKZ94; CLOO05].

Definition 2.1 (Multivariate Resultant). Let d, ..., d, be positive integers, and for i € [n], let f;(x) =
2le|=d; Ci.eX® be a homogeneous polynomial of degree d; in n variables x = (x,...,x,) over C.
Introduce the universal coefficient variables # = (u; ), one for each possible pair (7, e). The multivariate
resultant Res € Z[u] is the unique integral polynomial that satisfies the following properties:

1. Forevery choice of coefficients ¢; , € C,Res(fi, ..., f,) = Oifandonlyif fi(x) =--- = f,(x) =0
has a nontrivial solution x € C" \ {0}. Here, the notation Res( fi, ..., f,) means the evaluation of
Res by replacing each variable u; , with the corresponding coefficient c; . of f;.

2. Res(xf',...,x,”f") =1.

3. Res is irreducible, even when viewed as a polynomial in C|[u].
When we want to emphasize the degrees of the polynomials, we denote the resultant by Resg, ... 4,,-

The existence and uniqueness of the multivariate resultant is a nontrivial fact; see, for exam-
ple, [GKZ94, Chapter 13]. The resultant is a homogeneous polynomial with the following degree
bound [CLOO05, Theorem 3.1]:

Lemma 2.2 (Degree of the Multivariate Resultant). For a fixed i € [n], Resg, ... a, is homogeneous in
the variables u; ¢, e| = d;, of degree D; =[] jeny,j2i d;- In particular, this implies that for any A € C,

Res(fi,.... A i .oy f) = APiRes(fi, ..., fir ey f).
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Furthermore, the total degree of Resq, ... a, is 2, Di. In particular, the resultant of quadratic

.....

forms, denoted Resf) , has total degree 2",
We will usually use homogenized variants of polynomials.

Definition 2.3 (Homogenization). Let f € C[x] be a polynomial in n variables with degree deg f < d.
We write

i) =2 (x/z, . xn/2)

for its homogenization to degree d in the additional variable z. Unless otherwise specified, d = deg f.

Remark 2.4. Throughout, the variables are ordered as they are listed. When homogenizing polynomials
inxy,...,x, with a new variable z, we use the order (xy, ..., Xy, z). Together with the normalization in
Definition 2.1, this fixes the sign convention for the resultant.

The univariate Poisson product formula [CLOOS5, Chapter 3] can be generalized to multivariate
resultants. The version we state here is from [AGS26, Theorem 4.3].

Lemma 2.5 (Poisson formula). Let fi, ..., fu, & € C[x, z] be homogeneous polynomials in n+1 variables
of positive degrees dy, . . ., dy, e, respectively. Define

Fi(x) = fi(x,1) (G e[n]),  Gx):=gx1).

Suppose that
_____ d, (fl(x,O), ce fn(x, 0)) # 0.

Then the common zero set
Z={aeC":Fi(a)="--=F,(a) =0}
is finite, and

ReSd,, e (fis > fur8) = ReSay _a, (f1(x,0),..., fu(x,0) [ | Gla)™,

ae”Z

where my, is the local multiplicity of a in the system F1 = --- = F, = 0.

We will now collect some more standard properties of the resultant for later use. For proofs, see, for
example, [Dem12, Section 4] or [CDO05, Section 1.6.1].

Lemma 2.6. The normalized resultant Res has the following properties.

1. (Multiplicativity). It is multiplicative in each form:
Res(...,gh,...) =Res(...,g,...)Res(...,h,...),

with the appropriate degrees.
2. (Linear case). The resultant of linear forms is the determinant of their coefficient matrix. For any
n X n matrix A = (a;;),

n n

Resy, .1 Zaljxj,...,Zanjxj =detA.
Jj=1 Jj=1

3. (Variable scaling). Let fi,..., f, be homogeneous forms of degrees dy, . . ., d,, respectively. For
any n x n matrix Q and x = (x1,...,x,)7,

Res(fi(Qx),. .., f(0x)) = (det Q)= U Res(fi,..., f).

12



4. (Simultaneous permutation). Let fi,..., f, be homogeneous forms of equal degree. For any
permutation o € Sy, write X o = (Xi-(1)s - - - s X (n))- Then

Res(fo-(l)(x(f)’ s ’fa'(n)(xo')) = Res(f] (x)’ s ’fn(x))-

5. (Padding). If fi,..., fx are quadratic forms in xy, . ..,xx and n > k, then

2 2 n-k
Resy” (fis- o fioXapys - x2) =Res? (fioonn )2
6. (Evaluation). For a homogeneous form h(x, z) of positive degree and constants c,

Res(x; +c1z,...,xn + cpz, h) = h(=cy,...,—cyu, 1).

2.3 Tensor determinants

A cubic tensor of dimension n is an array A = (a;jx);,j ke[n] With entries from C. If the tensor is generic,
we treat its entries a; i as independent variables. The tensor A is symmetric if its entries are unchanged
by permuting the index positions, i.e., if a;;x = a; j;x» whenever i’, j’, k” are a permutation of i, j, k.
Then it is specified by the entries a;;i for 1 <i < j < k < n, and all other entries are determined by
symmetry.

Definition 2.7 (Tensor Determinant). The tensor A defines the quadratic map

n
(sz)i = Z AijrXjXk

j.k=1
whose tensor determinant Det,, is the resultant of these quadratic forms:
Det, (A) = Res” ((Ax?)y..... (Ax?),). (1)

The following lemma follows from standard properties of the resultant [Dem12, Section 4]. The
degree of the tensor determinant also appears in [HHLQ13].

Lemma 2.8 (Degree, symmetry, and scaling). Let A be a cubic tensor of dimension n, and let g = 2!
and D = nq. The polynomial Det,, is homogeneous of degree D and invariant under simultaneous
permutation of its three index ranges: for every m € Sy, the substitution a;jx V& ax(i)x(j)x(k) leaves
Det,, unchanged. For arbitrary scalars Ay, ..., Ay,

n
Detn((/li/lj/lkaijk),-jk) = (1_[ /I?q Det,,(A). 2)
i=1

Proof. By Lemma 2.2, the resultant is homogeneous of degree g in the coefficients of each of its n
quadratic forms, giving total degree ng. Simultaneously permuting the tensor indices permutes the
forms and their variable indices, so invariance follows from Lemma 2.6(4). For arbitrary A;, the

transformed quadratic forms are 1;(A(Qx)?);, where Q is the diagonal matrix with (1i,...,1,) on
the diagonal. Multihomogeneity (Lemma 2.2) contributes []; /liq, and diagonal variable substitution
contributes [; /l%n, by Lemma 2.6(3). Their product is []; /1?”” =11, /lf’q. m|

We will formulate our algebraic results over the complex numbers C. The Boolean complexity results
will use the input representations as specified in their statements. In the real feasibility arguments, the
polynomials have rational coefficients, and we distinguish their real and complex zeros.

Let ETR denote the language of true existential sentences over the reals, with a quantifier-free Boolean
combination of polynomial comparisons and binary integer coefficients and exponents. Its polynomial-
time many-one closure is the class 3R. Write CoP = P, Cr4 P = PPC P and CH = Ui CxP. These
classes are defined in the ordinary Turing model.
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3 Algebraic hardness of the resultant

In this section, we will prove Theorem 1.4. We briefly recall the required notions from algebraic
complexity theory. For a more detailed introduction, see [Biir00O, Chapter 2].

3.1 Algebraic complexity

We will work over C. An arithmetic circuit is a directed acyclic graph that has variables and complex
constants as leaves. Each internal node (gate) adds or multiplies two earlier values, and intermediate
values may be reused. The size of a circuit is the number of gates. A polynomial family (p,), is in VP
if its number of variables, degree, and circuit size are polynomially bounded in its index n. It is in VNP
if it admits (g,,) in VP and polynomially bounded ¢(#) such that

pa®) = > galx,y).

ye{0,1}atm

A family is in VQP if its number of variables and degree are polynomially bounded, while its circuit size
is bounded by p(logm) @) (see [Biir00, Section 2.5]).

A polynomial f is a projection of g if substituting variables or field constants for the variables
of g gives f. A family (f,) is a p-projection of (g,) if each f, is a projection of some g, (,) with
q(n) polynomially bounded. An arithmetic c-reduction allows polynomial-size circuits to use gates
evaluating members of a polynomial family, with polynomially bounded indices (see [Biir00, Section 5.4,
Definitions 5.13 and 5.14]). A polynomial family is VNP-hard under a specified reduction if every VNP
family has such a reduction to it. Similar to Boolean circuits, these conventions are nonuniform: circuits
and their constants may depend on n, without an algorithm constructing them.

In analogy with the coeflicients of the characteristic polynomial of matrices, we study the coefficients
of z* in the expansion of the tensor determinant Det, (7 + zA) as a polynomial in z. The coefficient of z*
will be called @, ;(A) and is in turn a polynomial in the entries of A. It is homogeneous of degree s.

Definition 3.1. Let n € N, let /;;x = 6; ; x be the diagonal unit tensor of dimension n and let A be a
symmetric cubic tensor of dimension n. We define

D, s(A) = [°] Det, (I + zA). 3)

Lemma 2.8 showed that Det,, is invariant under relabeling the indices by a permutation 7 € S,,.
Because the invariance must hold in each homogeneous component, it also applies to ®,,  for all s € N.
We prove the following theorem in this section.

Theorem 3.2. The family {®s,,2 2 }m>3 on symmetric cubic tensors, with one independent variable for
each unordered triple of indices, is VNP-hard under p-projections over C. The projections from the
permanent use only rational constants.

3.2 Grid assignments

For m > 3, consider the toroidal grid on Z2,, with one triangle {(i, /), (i + 1, ), (i, j + 1)} anchored at
each position (7, j). All coordinates are taken modulo m. Each position belongs to three triangles: the
one anchored there and those at its two predecessors, which gives m? positions and m? triangles. The
grid is clearly connected.

We endow every position (i, j) € Z2, with a nonempty index class Q;;; the classes are pairwise
disjoint and of total size n. A symmetric tensor A is supported on the grid triangles if its only possibly
nonzero entries, up to permutation of their indices, are

AaBy, @ €Qi;, BEir1j, VEL; 1.
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Figure 2: The 28 x 28 toroidal grid, where 28 = 33 + 1, with 784 positions and 784 triangles. An
assignment chooses one tensor index at each position, and each blue triangle contributes one tensor entry
to its product. Each position belongs to three triangles.

The corresponding grid assignment sum is

Hm(A) = Z l—l avij,viﬂ,j,vi,jﬂ- (4)

vij€Qij (i,j)eZ3,

That is, each summand chooses one index at each position and uses one tensor entry for each triangle. A
standard grid encoding and padding argument in Appendix A.1 show the following.

Lemma 3.3 (Permanent as a grid assignment sum). Given an nxn matrix Z = (z;j), one can construct in
polynomial time a symmetric tensor A,,(Z) supported on the grid triangles of side m = m(n) =3"+1 =
O(n), with r > 1, five indices per class, and entries in {0,1} U {z;; : i, j € [n]}, such that

Hm(Am(Z)) = per(Z). 5

The construction preserves the count on 0/ 1 inputs.

3.3 Coefficients of grid assignments

Lemma 3.4 (Index occurrences). In every monomial of @, s, each tensor index occurs a multiple of
three times, counting occurrences within each factor with multiplicity. In particular, each monomial
uses at most s distinct indices.

Proof. Take uf = l in Equation (2). This fixes I and leaves ®,, ; invariant under a; ;¢ = u;ujuca;jc. The
exponent of u#; counts the occurrences of i, so this number is divisible by three. There are 3s occurrences
in total, giving the claimed bound. O

Theorem 3.5 (Nonvanishing of assignment coefficients). Letm > 3, put s = m?, and let the index classes
defining H,, have total size n. Every monomial of H,, has the same coefficient k,, ,,, € Z \ {0} in ®,, 5.
This coefficient depends only on n and m.

Proof. Distinct assignments in H,, give distinct monomials, since the index classes of each factor identify
its triangle. Any two assignment monomials differ only by a permutation of the tensor indices, so by the
permutation invariance of ®, ¢ noted before Theorem 3.2, their coeflicients in ®,, ; agree and depend
only on n and m. Choose one assignment and relabel its s indices by the grid positions. Its monomial is

M = l_[ A@i,j), (i+1,5), (i,j+1)-
(i.)) €2

Number these indices by [s]. It suffices to show that [M] Det,, (I — A) < 0, since replacing A by —A
multiplies every degree-s coefficient by (—1)°.
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Introduce independent coefficients g;(x) = X ;< qi;jex;jxe and put R(q) = Res,(,,z) (xi2 - qi)i-
Substitution x; — u;x; followed by division of equation i by u? preserves this resultant, by Lemma 2.6(3)
and multihomogeneity. Thus, in every occurring coefficient monomial, using a; factors from equation i
forces 2a; occurrences of i among the quadratic indices.

Assigning factors to equations. Symmetrize by setting g;.;; = a;j; and g;.;¢ = 2a;;¢ for j < €,
obtaining Det, (I — A). A coefficient monomial then contains 3a; occurrences of index i. Each grid
index occurs exactly three times, so a contribution to M uses one coefficient from each grid equation and
none from the remaining equations. The possible contributions are therefore
S S
Q = r[ qV;jv[v’ l—[ anv[v = M
v=1 v=1

Such an assignment exists explicitly: assign the factor a; ;) (i+1,),@i,j+1) to the equation at its anchor
(i, j). Every grid equation receives exactly one factor. Since each grid factor has three distinct indices,
symmetrization multiplies every contribution by exactly 2°.

Every contribution is negative. Fix one of these Q and specialize its coefficients to t,,, all others to
zZero:

2
Po() = Resy? (62 = tux,x0,) s X2, 1 oo X2).

The arcs v — j,, £, form a connected directed graph with indegree and outdegree two: each grid factor
connects its three indices, and each index occurs once as an equation index and twice as a quadratic
index. If Pg(t) = 0, take a common nonzero root. Its inactive coordinates are zero. No arc leaves its
support, since x,, # 0 forces x;, ,xg, # 0. Degree balance gives no entering arcs either, so connectedness
forces all grid coordinates to be nonzero. Multiplying their equations gives [ ], #, = 1.

Put B(¢) = 1 -], t,. We have V(Pgp) C V(B), so Hilbert’s Nullstellensatz implies that P divides
a power of B. Since B is irreducible and P (0) = 1, there is an integer ¢ > 0 such that

1—]—[rv)c.

v

Po(t) =

Here ¢ > 1: setting all grid coordinates and weights to one, and all inactive coordinates to zero, gives a
common nonzero root. Consequently [Q]R = [t ---#,]Po = —c < 0. The anchor assignment supplies
at least one such contribution, and all have the same negative sign after multiplication by 2°. |

Lemma 3.6 (Constant grid labelings). Let m = 3" + 1 withr > 1. If b : Z2, — Fj satisfies
bij + bi—l,j + bi,j—] =0 forall (l,]) S Z%n’ (6)
then b is constant.

Proof. For h > 1, write
Eh(i, ]) = bij + bi—h,j + bi,j—h-

At spacing h, the signed sum of the six triangle equations in Figure 3 is E3;, (i, j) = 3bi—p,j—n = E3n(i, )
over F3. Thus Ej, = 0 implies E3;, = 0. Since E| = 0, induction gives E;, =0forg =3" =m — 1.
Fix j and putx; = b;j and z; = b; j_4. As g = —1 (mod m), the equation E, (i, j) = 0 gives

=X = Xj—g = =X — Xit].
Moreover, j —g = j+ 1 (mod m),so E{(i,j + 1) = 0 gives
Xi = —Zi — Zi-1 = 2X; + Xi—| + Xis].

Thus x;_1 +x; +x;+1 = 0. Subtracting consecutive equations gives x;;3 = x;, and hence x; = X; 1, = X1,
since m = 3" + 1. The row is therefore constant. If its value is a, Equation (6) makes every entry of the
row below it —2a = a. Thus b is constant. m]
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a+b+c—3z=0

Figure 3: Each marked triangle represents a zero-sum equation. Add the three corner equations and
subtract the other three. The intermediate labels cancel except for the center, leaving a + b + ¢ — 3z = 0.
Over Fj3, the outer corners therefore sum to zero.

Lemma 3.7 (Direct extraction of the grid assignment sum). Let m = 3" + 1 withr > 1, put s = m?, and
let A be a symmetric tensor of dimension n supported on the grid triangles. Then
(Dn,s (A) = Kn,mHm(A)’ @)

where k., # 0 is the coefficient from Theorem 3.5.

Proof. Consider a surviving degree-s monomial, and let b;; count its factors on the triangle anchored
at (i, j). The total number of occurrences of indices from Q;; is b;; + b;_1 ; + b; j_1. By Lemma 3.4,
this number is divisible by three. LLemma 3.6 therefore makes all b,; equal modulo three. Their sum is
s =m? =1 (mod 3), so their common residue is one. Each b; ;j 1s consequently at least one; there are s
of them and they sum to s, so every b;; = 1.

Each index class now has exactly three occurrences. Again by Lemma 3.4, all three use the same
individual tensor index. The surviving monomials are thus precisely the assignment monomials in
H,,(A). By Theorem 3.5, each has coefficient «,, ,, # 0, proving the identity. |

3.4 Hardness of the coefficient family

Proof of Theorem 3.2. For an n X n matrix Z, choose the smallestm = 3" +1 > n+ 1 withr > 1, as in
Lemma 3.3, and put s = m? and N = 5m?. Write x = kn.m # 0 for the coefficient from Theorem 3.5.
Set Z' = diag(Z, «~!). By Lemmas 3.3 and 3.7,

On,s(Am(Z")) = kHm(Am(Z")) = k per(Z’) = per(Z).

Each entry is a variable or a rational constant, since « # 0 is integer. Also m = O(n), so dimensions and
degrees are polynomially bounded. Valiant’s permanent theorem [Val79] proves the claim. |

Through homogenization, we obtain Theorem 1.4.

Proof of Theorem 1.4. By Strassen’s homogenization theorem [SY 10, Theorem 2.2], a size-S(N) circuit
for Dety gives a circuit of size O (s>(S(N)+N)) for the degree-s homogeneous component of Dety (1+A),
namely ®y ¢(A). Taking N = 5m? and s = m?, polynomial-size circuits for Dety would therefore put
the VNP-hard family of Theorem 3.2 in VP, implying VP = VNP.

The resultant assertion follows because Dety is a linear specialization of Resl(\?), obtained from the
quadratic forms (Ax?)i,..., (Ax?)y. The same polynomial overhead gives VNP C VQP under the

quasipolynomial-size hypothesis. O
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3.5 Discriminants of cubic forms

The tensor determinant of generic symmetric tensors is closely related to another classical object in
algebraic geometry, the discriminant.

Definition 3.8 (Cubic Discriminant). Let f = >}jo|=3 cex® € C[x] be a cubic form in the variables
x = (x1,...,x,). The discriminant of f, denoted A, (f), is defined by

ox;” 7 dx, 3

When the coefficients c, are treated as independent indeterminates, the same formula defines the
generic cubic discriminant A,, € C[c, : |e| = 3].

An(f) =37 Res\;’ (ﬁ : ﬂ) , where a,, = w

Remark 3.9. Our normalization agrees up to sign with that of Gelfand, Kapranov, and Zelevin-
sky [GKZ94, Chapter 13, Proposition 1.7]; the preceding definition fixes the sign.

For a generic symmetric cubic tensor A, define its associated cubic form by fa(x) =
Z:'L, Jok=1 AijRXiX jXE. Collecting equal monomials, we may write

n
— 3 2 2
fA = Z aijiX; +3 Z (aiijxixj + aijjxixj) +6 Z Qi jkXiXjXE.
i=1 1<i<j<n 1<i<j<k<n

Thus, the coefficients of the associated cubic form in the monomial basis are not quite the entries of
the symmetric tensor, but are scaled by natural multiplicity factors. The discriminant of this cubic form
and the tensor determinant of A differ only by an explicit scalar.

Lemma 3.10. Let A be a symmetric cubic tensor of dimension n. Then we have the following polynomial
identity in the independent entries of A, where D,, = n2"~' and a, = (2" — (=1)")/3:

An(fa) = 3P~ Det,,(A).

Proof. Note that since A is symmetric, it is easy to verify that for every i € [n], we have

9IA _30ax2),.
(9x,-

Plugging this into Definition 3.8, we get
An(fa) = 37 Res (3(AxD)1, ..., 3(Ax?), ) = 37279 Det, (4),

where the second equality follows from the multihomogeneity of the resultant (Lemma 2.2) and the
definition of the tensor determinant (Definition 2.7). ]

We immediately get the hardness of the discriminant.

Proof of Corollary 1.6. Let f4 be the cubic form corresponding to a symmetric cubic tensor of dimension
n. If the polynomial family {A,(fa)}.>1 has poly(n) sized circuits, then by Lemma 3.10, Det, (A) =
3=(Pn=an) A, (f4) also has poly(n) sized circuits. Now use Theorem 1.4. O

4 Modular evaluation of the resultant

In counting complexity, a function is in #P if it counts accepting paths of a polynomial-time nonde-
terministic Turing machine. A polynomial-time Turing reduction is a polynomial-time algorithm that
computes one function using an oracle for another. A polynomial-time counting many-one reduction
from f to g consists of polynomial-time computable functions u, v such that

fx) =v(x g(u(x))).

It uses one oracle answer and allows polynomial-time post-processing. A function is #P-hard under a
specified reduction if every #P function admits such a reduction to it; unless specified otherwise, we use
Turing reductions. For more on counting complexity, see [AB09, Chapter 17].
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Permanent source problems. The permanent of 0/1 matrices is #P-complete under counting many-
one reductions [BH93, Theorem 1]. We also use the following threshold consequence.

Lemma 4.1. Given an integer n X n matrix Z and an integer threshold K, both encoded in binary,
deciding whether per(Z) > K is PP-hard under polynomial-time many-one reductions.

Proof. Ben-Dor and Halevi’s construction [BH93, Lemma 2] maps a 3-CNF formula ¢ with ¢ clauses to
an integer matrix Z satisfying per(Z) = 129 #SAT (). The factor 129 is positive and polynomial-time
computable, so it also scales the threshold. Threshold counting for 3-CNF formulas is PP-hard by the
parsimonious Cook—Levin reduction with the threshold retained. O

The grid construction from Section 3 gives a coeflicient that counts perfect matchings up to a nonzero
factor. We encode both the count and the factor in one coefficient, then recover it from a single modular
determinant evaluation.

4.1 Dyadic determinant evaluations

We consider the problem of computing
Det, (C) mod 2% € {0,...,2%F — 1},

where C is an integer symmetric cubic tensor of dimension n with binary-encoded entries, and k > 1
is supplied in unary. Equivalently, the modulus 2* is supplied in ordinary binary notation. The oracle
answer has at most k bits. Evaluating at a sufficiently large power of two lets us recover the low-degree
coeflicients as signed digits. The following bound gives the precision needed for this recovery.

Lemma 4.2 (Low-degree coeflicient bound). Let B be an integer symmetric cubic tensor of dimension
M, put U = max(1, max; ; x |b;jk|), and let € > 0 be an integer. For 0 < s < ¢,

|®pr.s(B)| < C(M, ,U) := (M2M~'U)’,
The bound is computable in time polynomial in M, €,1og U and has bit length O(1 + £{(M + log U)).

Proof. By homogeneity and normalization, Detys (A1 — B) is monic of degree D = M2~ At any root
A, the resultant criterion gives x # 0 with /lxl.z = (Bx?); for all i. Choose i with |x;| = max jlx;1>0. Its
equation gives |A| |x;|*> < M?U|x;|?, hence |A| < M?U. Writing the roots with multiplicity as A1, . .., Ap,

homogeneity gives
D

Dety, (I +tB) = ]—[(1 +11;).
j=1

Thus, for 1 < s < D, the coefficient has absolute value at most (IS))(MZU)S < (M32M-1U)s. The
constant coefficient is one and coefficients above D vanish, which proves the uniform bound. Its binary
logarithm is £(3log, M + M — 1 + log, U), proving the computational claims. m|

Corollary 4.3 (Coefficients on 0/1 tensors). Given a symmetric 0/1 cubic tensor A of dimension n and
an integer 1 < s < n, computing ®,, s(A) is #P-hard under polynomial-time Turing reductions.

Proof. Fora0/1 matrix Z of size n X n, let m = m(n) be as in Lemma 3.3, and put N = 5m? and s = m?.

Query @y ; on A,,(Z) and A,,(1,). Both tensors are symmetric and 0/1, and Lemma 3.7 gives the
answers kn_, per(Z) and kn , respectively. Their bit lengths are polynomial in N + s by Lemma 4.2.
Exact integer division recovers per(Z), proving the claim. O

The following lemma will be required in the remaining proof; it is shown in Appendix B.1 by a
simple padding argument.
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Lemma 4.4 (Affine grid encoding). Given an integer n X n matrix Z and integers «, 8, all encoded in
binary, one can construct in polynomial time a symmetric integer tensor C supported on a grid of side
m = m(n) as in Lemma 3.3, with dimension 6m?, such that H,,(C) = a per(Z) + 5.

Lemma 4.5 (Exact coefficient evaluation). Given a symmetric integer cubic tensor C of dimension N with
binary-encoded entries and an integer 1 < s < N, computing @ (C) is #P-hard under polynomial-time
counting many-one reductions.

Proof. Given an n X n 0/1 matrix Z, choose m = m(n) = 3" + 1 = O(n) using Lemma 3.3, and put
s =m?and N = 6s. Write x = kn.m # 0. Consider a 0/1 tensor C* of dimension N that allows exactly
one prescribed index at each grid position, with entry one on the resulting triangles and zero elsewhere.
Then H,,,(C*) = 1, so Lemmas 3.7 and 4.2 give

0 < [kl = [@,s(C*)] < By := C(N, s, 1).

Set L = By + 1. This bound and L are computable from N, s in polynomial time.
Apply Lemma 4.4 with (a,8) = (L, 1). The resulting tensor C has dimension N and entries in
{0,1,L}. By Lemma 3.7,

H,,(C) = Lper(Z) + 1, V:=®py (C) = k(Lper(Z) +1).

Since per(Z) > 0 and O < |«| < L, the single answer V can be decoded by

W/K -1
A
Both divisions are exact, and K > 0. The bit length of L is polynomial in N,s. By Lemma 4.2,

V| < C(N,s, L), so the oracle answer and the decoding also have polynomial size. This gives the
required counting many-one reduction from 0/1 permanent. |

W =|V]|, K =Wmod L = |«], per(Z) = ®)

The coeflicient bound ensures polynomial output length when s < N. The full tensor determinant
can have exponentially many bits; the modular problem below keeps the output length polynomial.

Proof of Theorem 1.8 (modular computation). Given a 0/1 matrix Z, construct C,N,s,L as in
Lemma 4.5. Put By = C(N, s, L) from Lemma 4.2, choose a power of two T = 20 > 4B, with b > 2,
and set k = b(s + 1). One query gives

R = Dety (I + TC) mod 2% = Dety (I + TC) mod T5*!,

Write v; = ®p ;(C). Since |[v;| < By <T/2for 0 < j < s, recover vy, ..., v, in order as signed base-T
digits. Starting with Ry = R, take v; to be the unique representative of R; mod 7 in (-7/2,T/2) and
set Rjy1 = (Rj —v;)/T. Inductively,

S

R; = Z v,/ (mod T°*177),

i=j
so every recovered digit is correct. Terms above degree s disappear modulo 7°*!. Apply Equation (8) to
V = vy torecover per(Z). Since log L is polynomially bounded, Lemma 4.2 gives b = O(1+s(N+log L))
and k = b(s+1), soboth b and k are polynomially bounded. The query entries and all recovered integers
have polynomial bit length. Thus the unary exponent k, the query construction, and all subsequent

arithmetic have polynomial size, establishing the single-query reduction.
The resultant case follows by writing

Dety (A) = Resy ((Ax?)1,. .., (Ax?)w).

For symmetric A, the quadratic coeflicients are a;;; on x? and 2a; i on x jxj for j < k. This specialization
is computable in polynomial time, preserves integrality, and uses the same modulus 2*. |
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Theorem 4.6 (Dyadic modular evaluation). For explicitly encoded integer symmetric cubic tensors A,
computing Det,, (A) mod 2K is FPPP-complete under polynomial-time Turing reductions. Here k > 1 is
supplied in unary, or equivalently the modulus 2% is supplied in ordinary binary notation.

Proof. For the lower bound, Theorem 1.8 gives #P-hardness under counting many-one reductions. Since
FP* = FPPP, polynomially many such queries also simulate every FP™F computation. For the upper
bound, apply Lemma B.2 with p = 2 and d = 2 to the associated quadratic forms. For symmetric cubic
tensors, every mixed-monomial coefficient is even, so the coefficient condition is automatic. O

4.2 Addressed bits

We show that a single addressed output bit can already hold a PP-hard threshold test. For an integer

cubic tensor A, define
| Det,, (A)|
2J

Bit(A4, j) := { J mod 2, Jj=0.

Proof of Theorem 1.8 (individual bit). We reduce from the integer permanent threshold problem in
Lemma 4.1. Apply Lemma 4.4 to Z with (a, 8) = (2,—(2K + 1)), obtaining Cy of dimension Ny = 6s,
where s = m? and m = 3" + 1. Then

H,,(Co) =2per(Z) —2K — 1 =: h.

The integer 4 is odd, and & > 0 exactly when per(Z) > K.
Append one unused index, setting C = Cp ® 0 and N = Ny + 1. Include the unused index in any one
grid class; its entries are zero, so H,,(C) = h. Write

P(t) = Dety (I + tC) = Z pit'.

By Lemma 3.7, pg = ky mh. Since m and s are even, the proof of Theorem 3.5 gives ky_, < O.
Consequently ps # 0, and p; < 0 exactly when per(Z) > K.

Put U = max(1, max; j  |c;jx|) and B = C(N, s,U) from Lemma 4.2. Choose T = 2b > 4B and set
k =b(s+1)and j = k — 1. The padding identity in Lemma 2.6(5) gives

W := P(T) = Dety, (I + TCg)* > 0.

Strict positivity holds because the integer being squared is congruent to one modulo 7'. Thus the absolute
value in the definition of Bit(/ + TC, j) has no effect.
Let S = Y7_, piT". Since |p;| < B <T/4fori <s,

s—1
2nT
i=0

As p; is a nonzero integer, S has the sign of py. Moreover, W = § (mod T**'), and T5*! = 2%, The bit
at position j = k — 1 is therefore one exactly when § < 0:

TS — 1 Ts Ts+1 -1 Ts+]
< —, S| <B <
T-1 2 151 T-1 2

<B

Bit(/+7C,j)=1 & ps<0 & per(Z)>K.

All tensor entries have polynomial bit length, and log B = O(1 + s(N + logU)). Hence b, k, and the
unary address j are polynomially bounded, and the tensor I + 7'C is constructible in polynomial time.
This is a many-one reduction to a single addressed bit. O
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5 Hardness of resultant signs

In this section, we show that computing the sign of the resultant is @P-hard. The class @P consists of
decision problems for which a polynomial-time verifier accepts an odd number of polynomial-length
witnesses exactly on the YES-instances [AB09, Chapter 17]. The canonical complete problem is ®SAT,
where given a Boolean formula, we are asked to decide if it has an odd number of satisfying assignments.
To prove our hardness result, we instead reduce from a variant of the subset sum problem, namely
counting the parity of subsets summing up to at most a given target value 7.

Lemma 5.1. For positive integer weights w = (w1,...,wy) and a nonnegative threshold T, let K, (T)
count the subsets whose sum is at most T. Deciding whether K., (T) is even is ®P-hard under polynomial-
time many-one reductions.

The standard NP-completeness reduction for subset sum with exact target value = 7' is parsimonious,
which directly yields ®@P-completeness, and the modification to target < T is elementary. We provide a
self-contained proof in Appendix C.

5.1 Encoding parities algebraically

We first describe a more general parity encoding procedure that will also be used in our proof of 3R € CH
(Section 6). The high-level idea is very simple: if each object in a finite collection is encoded as a nonzero
real number which is negative exactly when the object satisfies a given condition, then the sign of the
product of the object encodings gives the parity of the number of objects that satisfy the condition.

To implement the idea algebraically, we will represent the objects by real points in an algebraic set
Z, formed by the zeros of a polynomial system. Suppose that we can construct a polynomial ¥ that is
negative on the set of real points that we want to count (the feasible set) and positive at all other real
points of Z. The lemma below shows how to then compute the parity of the feasible set using the sign
of a (coefficient in a) resultant.

Lemma 5.2 (Parity from a resultant sign). Let n,d > 1 and Fi,...,F, € R[x] be polynomials in n
variables of the form

F; = /lixf + terms of total degree less than d, A; > 0.

Suppose that their common complex zeros are simple, and we denote this set of zeros by Z. Let ¥ € R[x]
be nonzero at every real point of Z. For an integer e > max{1,deg ¥}, homogenize ¥ to degree e, and
the F;’s to degree d using a new variable z with variable order (x, 7). Define

R(t) = Res(Flh, L Fh ety 1z%),
where t is a parameter. Then R is nonzero, and if v is the least index for which the coefficient of t¥ is

nonzero,
sgn([tV]R) = (—1)Haczn®¥(@)<0},

Proof. Since Fl.h (x,0) = /lixl?i, multihomogeneity (Lemma 2.2) and normalization (Definition 2.1) give
g -1
Res(Fl'(x,0),...,Fl(x,0)) = l_[/lfln > 0.
i=1

By the Poisson formula (Lemma 2.5), Z is finite and, since every common zero is simple,

R(t)=Cl_l(‘P(a)+t), c=(]l[af"‘) > 0.

aeZ i=1
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The first nonzero coefficient is therefore

[MR=C [] %),

Y(a)+#0

where v counts the number of omitted factors due to W () being zero. No real points of Z are omitted.
Since the F;’s and ¥ have real coefficients, the nonreal points in Z do not affect the sign as they occur in
conjugate pairs @, @, and contribute ¥ (@) ¥ (@) = |¥(a)|> > 0 to the product. Since the prefactor C is
also positive, the negative factors therefore count exactly the real points with ¥(«@) < 0, as needed. 0O

If ¥ does not vanish even on the nonreal points in Z, we have v = 0 in the above proof, and we do
not need a perturbation. We record this as a useful corollary.

Corollary 5.3 (The nonvanishing case). Under the hypotheses of Lemma 5.2, suppose further that ¥ is
nonzero at every point of Z. Then R(0) = Res(F", ..., F', W") is nonzero and

sgnﬂ(o) — (_1)#{a€ZﬁR":‘P(a')<O}'
In particular, this applies when all points of Z are real.

We will now construct the polynomials Fy, ..., F;, and ¥ in the context of the subset sum problem
to get our hardness result.

Proof of Theorem 1.11. Letwy, ..., w, be positive integer weights and let 7 > 0 be an integer threshold.
We call a set S C [n] feasible if };cgw; < T and write K,, (T) for the number of feasible sets. We
reduce from deciding whether K,, (T') is even, which is &P-hard by Lemma 5.1.

Define the affine polynomials

Fi(x) =dwix;(x; +1) (i e[n]), WPx)= 2Zw,-x$ — (2T +1).
i=1

The zero set of the F;’s is exactly Z = {0, —1}", and the zeros are simple real points @S € {0, —1}"
indexed by subsets S C [n], with a/lfs) = —1 exactly when i € S. Their leading coefficients 4w; are
positive, and
P(a®) = ZZwi — (2T +1). )
ieS
This value is odd, hence nonzero, and is negative exactly when S is feasible. Homogenizing with a fresh
variable z, and applying Corollary 5.3 with d = e = 2 therefore gives

sgnRes(F", ... Fi why = (-1)& (D)

It remains to realize this resultant as a symmetric tensor determinant. Symmetry ties the coefficient
of x;z in the i-th quadratic form to twice the coefficient of x? in the last form, explaining the choice 4w;
above. Set N = n + 1 and let A have nonzero entries

ajii = 4w; i € [n],
aiiN = aiNi = aNii = 2w; i € [n],

ANNN = —(2T+ 1).

This tensor is symmetric, and its quadratic map is

(A(x,2)%); = 4wix;(x; +2) = F' (i € [n]), (A(x,2)%)N = 22 wix? — (2T + 1)z = wh.
i1

Hence Dety (A) = Res(F!, ..., F", ¥"), and it is positive if and only if K,, (T) is even. The tensor A
has 4n + 1 nonzero entries, dimension N = n + 1, and its entry bitlengths are polynomial in the input
size. The construction is therefore a polynomial-time many-one reduction, proving &P-hardness. |
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6 R in the counting hierarchy

In this section, we prove Theorem 1.13. For an overview of the proof, see Section 1.2.2.

6.1 Polynomial arithmetic in CH

In this section, we collect facts about counting-hierarchy and polynomial-arithmetic that are needed for
the feasibility proof. We first recall the definition and some closure properties of CH.

Wagner [Wag86] defined the counting hierarchy to classify some combinatorial problems that in-
volved counting. He used the notion of counting quantifiers for his definition, but we state here the
equivalent oracle formulation by Toran [Tor91].

Definition 6.1 (Counting hierarchy). Let CoP = P and Cy, P = PP®". Then, the counting hierarchy is
defined as

CH = U CiP.
k>0

The counting hierarchy is closed under existential and universal quantifications over strings of
polynomial length and polynomially many adaptive queries to an oracle in a fixed level of CH.

Lemma 6.2 (Closure properties of CH [AW93, Section 1]). Fix k > 0. Let A € CiP, and let p be a
polynomial taking nonnegative integer values. Then the languages

L3 = {x -3y € {0, 1}5PUD wirh (x, y) € A},

Ly = {x: ¥y € {0, 1}=P(MD_ (x, y) € A}
belong to Cy1P. Moreover,

PCP ¢ Gyt P.

Consequently, a fixed number of such quantifications and polynomial-time oracle computations preserves
membership in CH.

For more details on the counting hierarchy, we refer the reader to the survey of Allender and
Wagner [AW93].

We will now describe the polynomial families that arise in the proof. Unlike in Section 3, these
families are indexed by a string w that encodes the original input and any auxiliary choices.

Definition 6.3 (Polynomial family). A polynomial family ( fi)we{o,1}+ satisfies the following conditions:

1. fi is a polynomial in Q[x1, ..., X, ()], where n(w) is polynomially bounded in |w|;
2. the degree of f;, is at most 2PV (IWD);
3. the numerator and denominator bit lengths of its coefficients are at most 2P (IW1)

The bounding polynomials are fixed for each family, so their values can be computed from |w|.

A coefficient representation for a polynomial family ( f,, )y e 0,13+ is a way of encoding the coefficients
of f,, as bit strings.

Definition 6.4 (Coefficient representation). Let (fi)we(0,1}+ be a polynomial family. For a binary

encoded exponent vector e = (ey,...,eu(w)), let ¢ . denote the coefficient of the monomial x¢ =
€1 .« En(w) 1
Xy Xy I fw-

A representation of c,,  consists of its sign, and the magnitudes of the numerator and denominator, all
satisfying the bit-length bounds of ( f,,). The fraction need not be reduced. For a chosen representation,
the numerator and denominator are padded to the known bit-length bound and concatenated with the
sign bit. The resulting bit string is denoted by enc(cyy ¢ ).
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Since the polynomials may have singly exponential degree and coefficient bit length, we work with
access to individual coefficient bits. This uses Biirgisser’s addressed-bit viewpoint of integers definable
in CH [Biir09, Section 3].

Definition 6.5 (Compact coefficient access). A polynomial family ( f,,),, has compact coefficient access
if there exists a coeflicient representation for each coefficient c,, o such that a requested bit b of the
representation can be computed in CH uniformly. More precisely, for some constant k, we have

{(w, e,b) : bit b of enc(cy ¢) is l} € CP.
When k = 0, we say that the family has polynomial-time coefficient-bit access.

Remark 6.6. A query returns one bit of one coefficient of one polynomial. The representation is chosen
once for each coeflicient, and all bit queries for that coefficient refer to the same representation. The level
k may depend on the family but is independent of w, e, b. Every coeflicient within the effective degree
bound and every bit of its padded representation has an address of length poly(|w|) by Definition 6.3.
The full coefficient array need not be written down.

Whenever a family is indexed by a tuple, we identify the tuple with a single bit string using a fixed
encoding computable and decodable in polynomial time, with length polynomial in the total length of
its components. Thus, Definitions 6.3 and 6.5 apply without changing the tuple notation. In particular,
compact coefficient access always means access uniform in all displayed indices. All auxiliary indices we
use will have polynomial length in the original input length, so the combined indices still have polynomial
length. We leave this encoding implicit throughout.

Families specified only on valid indices are extended to all bit strings by fixed default polynomials
satisfying their stated hypotheses. The validity tests used below lie in a fixed level of CH. Zero coefficients
inserted for padding, including coefficients beyond the effective degree bound, use the representation
0/1 with sign bit zero. Malformed addresses and bit positions outside the padded encoding return zero.

We will now record the polynomial operations used in the proof of Theorem 1.13. Their preservation
of compact coefficient access follows from the results of Hesse, Allender, and Barrington [HABO02] and
Andrews, Garg, and Schost [AGS26]. We give a proof sketch in Appendix D.1.

Lemma 6.7 (Compact univariate arithmetic). Let (F\,(y))w and (G, j(y))w, 1<j<m(w) be families of
univariate polynomials over Q with compact coefficient access, where M(w) > 1 is computable in
polynomial time in binary. Then, compact coefficient access is preserved by the following operations:

Products: P,,(y) = Hjjvi(lw) Gw,j(y).

Derivatives: the family (Fv(vr))w,rzo, with r given in binary.

Monic normalization: p,, = F,, /Ic(F,,), provided every F,, is nonzero.

Squarefree part: p,, = H,,/Ic(H,,), where H,, = F,,/gcd(F,,, F},), provided every F,, is noncon-
stant. The polynomial p., is monic and squarefree, with the same roots as F,,.

1. Sums: S, (y) = Z?/[(lw) Guw,i(y).

AR BN

The following queries are computable in polynomial time with an oracle in a fixed level of CH:

6. Degree: given w, determine whether F,, is identically zero and, otherwise, compute deg F,, in
binary.
7. Coeflicient sign: given w and e, compute sgn([y°]F,,) € {-1,0, 1}.

All constructions and queries are uniform in the displayed indices, which are encoded in binary. The
counting levels may depend on the fixed input families, but not on the indices.

Remark 6.8. The statements about sums, products, derivatives, degrees, and coefficient signs also have
multivariate versions under the same effective bounds, using partial derivatives in place of univariate
derivatives. We state the univariate versions because these suffice for the arithmetic constructions below.
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The next lemma shows that resultants preserve compact coefficient access. The result follows from the
constant-depth resultant constructions of [AGS26], together with their arithmetic-to-Boolean simulation
and counting-hierarchy evaluation arguments. We provide a proof sketch in Appendix D.1.

Lemma 6.9 (Compact access to resultants). Suppose the input polynomial families have compact coef-
ficient access and satisfy the bounds of Definition 6.3. Then the following resultant families also satisfy
these bounds and have compact coefficient access:

1. Univariate resultants. For families of nonzero polynomials fy,, g, € Q[t][x], the family

Ry, (1) = Resy (fiw(x,1), 8w (x,1)) € Q[r].

The degrees in x are taken over Q[t], before any specialization of t. This includes ordinary
univariate resultants over Q when the inputs are independent of t.
2. Multivariate resultants. For families of homogeneous forms

fw,l’---vfw,neQ[t][x]a x=(x1,...,x,,),

the family
Ry (1) = Resay,._d, (fw,1(¥,0), ..., fw,n(x,1)) € Q[1].

Here n = n(w) is polynomially bounded in |w|, the positive assigned degrees d1, . ..,d, in x are
bounded by a fixed constant, and input coefficient access is uniform in (w,i). The number n and
the assigned degrees are computable in polynomial time from w. The resultant eliminates x and
retains the parameter t.

In both cases, output coefficient access is uniform in w.

6.2 Constructing univariate families preserving feasibility

We start with the problem of testing real feasibility for a homogeneous quadratic system, which is
dR-complete.

Lemma 6.10 (Quadratic normal form [SCM24, Entry A6], [Sch13, Corollary 3.10]). The following
problem is AR-complete: given integer homogeneous quadratic forms q1, . . ., @m in n variables, decide
whether they have a common zero in R™ \ {0}.

6.2.1 Constructing a finite set witnessing feasibility

The common zero set of the polynomials g; may have a positive-dimensional component over C or
even over R. In that case, direct elimination with a linear form may fail to produce a useful univariate
polynomial. In what follows, we recall a standard strategy, while explaining why each step is in CH, to
obtain a system of polynomials G; over R in n variables whose common solution set Z c C" is finite,
and Z NR" # 0 if and only if ¢4, . . ., ¢;» have a common nonzero real zero.

Let u denote the (encoding of the) original feasibility instance and L = |u|. All quantities below are
constructed from u; we suppress this index when discussing a fixed instance. Throughout this section
we assume that we are in the situation of Lemma 6.10, i.e., our starting polynomials are quadratic forms
gi,-..,qm. Since q1, . . ., ¢ are homogeneous, it is enough to test feasibility over the unit sphere S"~!.
We also assume that n > 2, as for n = 1, g; have no common solution on S unless they are all
identically zero. Let

n

S(x) = (lez) -1, Q(x) = Z qj(x)2 + S(x)%
j=1

i=1
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It is clear that the instance is feasible if and only if Q has a real zero. The reduction and the construction
of the explicit quartic Q take polynomial time, so the family (Q,,),, has polynomial-time coefficient-bit
access.

Note that the polynomial Q is coercive, i.e., Q(x) — oo as ||x|| — oo. If O has no real zero, then
0 is not in the Euclidean closure of the image of Q : R — R™*. In this case there is a y > 0 such
that Q(x) > vy, for all x € R". The following lemma gives an explicit positive lower bound y for Q on
infeasible instances. The quantity y will be useful later to perturb Q and choose a nearby level set that
detects feasibility.

Lemma 6.11 (Positive-minimum bound). For a nonnegative coercive integer quartic P inn > 2 variables
of description length L, one can compute in polynomial time a binary integer B < 2P°YL) sych that

P hasnorealzero = P(z) >y :=2"8 foreveryz e R".

The proof of the above lemma follows from the standard bounds in [JPT13, Theorem 2.10]. The full
proof along with the computation of bound B is given in Appendix D.2.

Let y = 278 be the gap from LLemma 6.11 applied to Q. Although y may have an exponentially long
denominator, its power-of-two form gives polynomial-time access to each bit. For an infeasible instance,
Q(x) > y for every x € R". Set

H(x)=0(x) + %Zx?

This uses the same pure-even-power deformation idea as [BPR0O6, Section 12.6], with the least even
degree d = 6 > 4. The new terms of H have degree six, separate from those of Q, so (H,), also has
polynomial-time coeflicient-bit access.

Consider the square system of n equations in n variables

Gi=H-y/2, G;i=0H (2<i<n), Z={z€C":G1(z)=--=Gn(z)=0}. (10)

The degrees are 6,5,...,5. These equations give candidate points for maximizing the coordinate x
subject to G| = 0, including points where VH = 0. Differentiation here only multiplies coefficients
by integers at most six, and the constant term of G| is 1 — y/2. Thus the family (G, ;),.; still has
polynomial-time coefficient-bit access. The coefficient-bit details for Q, H, and the G; are given in
Appendix D.2.

Lemma 6.12. The set Z is finite, with cardinality at most 6 - 5"~! and total multiplicity exactly 6 - 5"~ 1.

Proof. Consider the projective system obtained by homogenizing Gy, . . . , G, with an additional variable
xo. Projective solutions with xo = O are called solutions at infinity. At xo = 0, the equations become

n
Y 6 3y 5 .
Z; P=0. Ta=0 (2s<is<n).
The last n — 1 equations force x, = --- = x, = 0, and then the first forces x; = 0. Thus the

projective system has no solutions at infinity. The affine form of Bézout’s theorem [CLOO05, Chapter 3,
Theorem 5.5] therefore gives exactly the product of the degrees, 6-5"~!, complex affine solutions counted

with multiplicity. In particular, Z is finite and satisfies both bounds. O
Lemma 6.13. The original system q1(x) = --- = gm(x) = 0 has a nonzero real solution if and only if
ZNR" #@.

Proof. If z € Z is real, then Q(z) < H(z) = y/2 < 7, so by the gap bound (Lemma 6.11) Q has a real
zero. By the definition of Q, this is a common zero of ¢y, . . ., g, on the unit sphere.
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Conversely, suppose Q has a real zero a € R". Then a € $"~! and H(a) = %Zi a? < %(Zi a%)3 =
y/4 < y/2. The set M = H~'([0,y/2]) is nonempty, since it contains a. It is closed by continuity of
H. It is also bounded, since for every x € M and every i we have

%x? <H(x) < %, and hence |x;| < 218,

By the extreme value theorem [Bool3, Theorem 17.6], the first coordinate attains a maximum on the
nonempty closed and bounded set M. Let @ € M be a maximizing point. Then H(a) = y/2: otherwise
a small ball around @ would lie in M. Indeed, if H(a@) < y/2, put € = y/2 — H(a) > 0. By the e-§
definition of continuity of H at «, there is a § > 0 such that ||x — «|| < 6 implies |H(x) — H(@)| < &.
Since H > 0, every such x lies in M. This ball contains points with larger first coordinate, a contradiction.
If ;H(a) # 0 for some i > 2, choose ¢ € R such that

O H(a) - co;H(a) <0.
Since H is a polynomial, for some polynomial P(¢) we have
H(a +1(e; —ce;)) — H(e) = 1(01H(@) — cd;H(a) + tP(1)).

The expression in parentheses is negative for sufficiently small r > 0, so H(a + t(e; — ce;)) < y/2. As
H > 0, this point belongs to M its first coordinate is @ + ¢, contradicting the maximality of @. Hence
0;H(a) =0foreveryi>2,and @ € Z. O

We do not construct the set Z, nor do we enumerate it. We only need the following properties: if the
instance is feasible, then Z contains a real point; if the instance is infeasible, then Z is finite and contains
no real point. In the next section, we use properties of Z to construct a family of univariate polynomials
which can be used to test the existence of a real point in Z. The bound 6 - 5*~! on the size of Z has
polynomial bit-length. All coefficient-bit predicates constructed so far lie in P.

6.2.2 Constructing a family of univariate polynomials preserving feasibility

Recall the finite set Z from the previous section. Consider the linear forms £, (x) = >}/, a'x; for integers
a > 0. They map real points to real numbers. We will show that if Z contains no real point, then some ¢,
in an explicitly bounded family satisfies £,(Z) N R = @. For a fixed input u, retain the notation n, G;, Z
for the quantities constructed above. Consider the resultant

Rua(t) =Res(G", ... G" txo - £,4(x)), (11)

where G{l is the homogenization of G to degree 6, and G? is the homogenization of G; to degree 5 for
i > 2, using the additional variable xg. The two indices of R,, , are the input description « and the integer
parameter a. For each fixed pair (u, a), we regard R,, ,(¢) as a univariate polynomial in 7. Atxg = 0, the
equations Gf.’ = 0 fori > 2 force x; = 0, and then Gi‘ = 0 forces x1 = 0. Thus the Gl’.l have no common
projective zero at infinity, and the Poisson formula [AGS26, Theorem 4.3] gives

Rua() =C [ [t =tal@)™,  C#0, (12)

ac”Z

where m,, are the local multiplicities and C is independent of a and ¢, but may depend on u. The formula
shows that every R, . has root set £,(Z) and, by Lemma 6.12, degree 6 - 5"~ 1.

Lemma 6.14 (Universal projections). Fix an input u and put K = K(u) = 6n-5""'+1. Then ZNR" = @
if and only if some R, , with 0 < a < K has no real root.
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Proof. Suppose Z contains no real point. For @ € Z the condition £, (@) € R reads } ", a'lma; =0,
a nonzero polynomial in a of degree at most n, so at most n indices give this point a real image. The
union over the at most 6 - 5"~! points of Z, by Lemma 6.12, excludes at most 6n - 5"~! = K — 1 indices.
Hence some a < K has {,(Z) "R = @, and R, , has no real root.

Conversely, if some R, , has no real root, then Z cannot contain a real point: its image under ¢,
would be a real root of R, ;. O

n
i

The following lemma shows that the projection family (R, ). has compact coefficient access. It
lets us apply the real-root test to these polynomials without writing out their coefficients. This is the first
use of the CH closure machinery in the construction.

Lemma 6.15 (Compact access to the projection family). The polynomial family (R, a)u, 0<a<k (u), With
a written in binary, has compact coefficient access.

To see this, apply Lemma 6.9(2) to the homogeneous family (Gﬁ e G’,}’n, txo— €4 (x)) with index

(u,a). Its coeflicients have polynomial-time bit access and its assigned degrees are constant, so the
output family (R, 4)u.q« has compact coefficient access. The full proof of Lemma 6.15, including the
size bounds, is in Appendix D.3.

6.3 Univariate real-root existence testing

We know by Lemmas 6.13 and 6.14 that the original instance u is feasible if and only if every R, , with
0 < a < K(u) has a real root. By Lemma 6.15, we can construct the family (R )., of univariate
polynomials with compact coefficient access. We will now show that, given the index of a polynomial in
any such univariate family, we can decide in CH whether it has a real root. The following proposition is
the main technical result of this section.

Proposition 6.16. For every fixed family (f,,(x)),, of univariate polynomials in Q[x] with compact
coefficient access,
{w : there exists « € R with f,,(a) = 0} € CH.

In this section, we write L = |w| for the length of the family index. The coefficient tests in
Lemma 6.7(6) can detect zero and constant polynomials: the zero polynomial has a real root, whereas
a nonzero constant does not. For the nonconstant members of ( fi,, )., applying Lemma 6.7(5) gives the
monic squarefree family (p,, ),, With the same roots as before, but with multiplicity one. Further, using
Lemma 6.7(6) we can compute D,, = deg p,, in CH. The construction also gives effective upper bounds
on degree and coeflicient bit lengths.

6.3.1 Short description of roots

For a fixed w, we let p = p,, and D = D,,. We will first show that if p has a real root, then there is a
short description for it. To do this, we will need the classical notion of Thom encoding [CR88].

Lemma 6.17 (Thom encoding [BPRO6, Proposition 2.28]). Let p be a univariate polynomial of degree
D. The Thom encoding of a real root « of p is given by the vector

¢(@) = (sgn pV (@), € {~1,0,1}”,
For distinct real roots a, @’ of p, we have ¢(«@) # ¢(a’).

Our resultant sign test (Lemma 5.2) can detect whether an odd number of real roots satisfy a given
set of sign conditions. The Thom encoding uniquely identifies a root using derivative-sign tests, and we
could guess it. To use it for real-root existence, we will need to construct a polynomial ¥ such that for
every real root, it is negative exactly if it matches the guess. But the entire Thom encoding is of length
D, which could be 2P%Y(E) | The closure of CH under existential quantification (Lemma 6.2) only allows
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a guess of polynomial length. Therefore, we will instead guess a short partial list of the encoding. We
call a list

n= [(j],G']),.. "(jtao-t)]’ ji € [D] and o; € {_1’0’ 1}

a fingerprint. A real root a of p matches the fingerprint 5 if sgn pUi) (a) = oy for every i € [t]. The
fingerprint is isolating if exactly one real root matches it. The following lemma shows that, if p has a
real root, some short fingerprint isolates one of its roots.

Lemma 6.18 (Isolating fingerprint). Let p be a univariate polynomial of degree D as above. If p has a
real root, there is an isolating fingerprint with at most [log, D entries for some real root of p.

Proof. The Thom labels ¢ («) are distinct at distinct real roots (Lemma 6.17), so the real roots contribute
at most D distinct strings. Start with all of them. Whenever at least two remain, distinctness gives
a coordinate taking at least two values, hence at least two nonempty sign classes. Retain a smallest
nonempty class, containing at most half the strings, and record its coordinate value. After at most
[log, D1 halvings one string remains, and it matches every recorded test while each dropped string fails
at least one. O

Figure 1 illustrates how two derivative signs isolate a root of a sextic. An isolating fingerprint for p
uses O (log?(D + 1)) bits, which we can guess. We now want to construct a polynomial ¥ such that, at
every real root @ of p, ¥(a) < 0 exactly when @ matches the guessed fingerprint. The sign function is
not a polynomial, so we use rational functions to approximate it. In order to do this, we need uniform
bounds on the nonzero derivative values of p at its roots separating them from zero. The lemma below
gives such a bound.

Lemma 6.19 (Separation of derivative evaluations). Let p = p,, and D = D, be as above. There exists
an integer 1 < U < 2PY(L) computable in binary in polynomial time from w such that at every complex
root « of p, the following holds:

P20 = 27V<]pW(a))<2Y (0<j<D).

We give a simple proof for the above lemma in Appendix D.4. All the derivatives have compact
coeflicient access uniformly in their binary orders by Lemma 6.7(3). We will handle the case when
derivatives evaluate to zero using the sign approximations that we construct.

6.3.2 Rational approximation and combined sign tests

Approximating the sign function by rational functions is a standard technique in complexity theory
developed by Beigel, Reingold and Spielman [BRS95] (also see [For97, Section 4.4]) to study the
closure properties of PP. We will need the following version, for which a self-contained proof is given
in Appendix D.4.

Lemma 6.20 (Rational approximation of the sign function). Let U > 1 be an integer and 0 < ¢ < 1/2.
There exist polynomials N, D € Q[x] such that D(Ad) > 0 for every A € R and the rational function
S = N/D satisfies

S(0) =0, IS()| <1 (1eR),

and
|S(2) —sgn(d)| < e whenever 27V < |2] < 2Y.

Both N and D have degree O (U log(1/¢)), and their coefficients admit representations with numerator
and positive denominator bit lengths O(U? log(1/¢)).

We will now see how to replace a conjunction of sign tests by the sign of one polynomial.
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Lemma 6.21 (A polynomial for a sign conjunction). For s > 1, let hy,. .., hy € Q[x], be polynomials
with requested sign vector o = (o1, ...,0,) € {—1,0,1}°. Let U > 1 be an integer, and suppose a real
point a satisfies either h;(a) = 0 0or 27V < |h;j(a)| < 2Y for everyi € [s].

Then there exists a polynomial ¥y, o € Q[x], depending only on the o, the h;, and U (suppressed in
the notation), and not on «, of degree O (sU log(s + 1) max{1, max; deg h;}), such that ¥ () # 0 and

Yyola) <0 & sgnhi(a) =0 forallie [s].

Proof. Choose € = 1/(4s). Now Lemma 6.20 gives a rational sign approximation S = N/D with
D > 0onR, S(0) =0, and error at most £ on 27V < |A| < 2Y. Its numerator and denominator have
degree O(Ulog(s + 1)). Let

N

E(x) = Y (S(hi(x) - o)’

i=1
If every sign matches at a permitted point @, then E(a) < se? < 1/16. If a sign fails, its distance
from the requested sign is at least one, so that summand is at least (1 — £)2 > 9/16. All summands are

nonnegative, hence E(a) > 9/16 in this case.
Write E = A/B by setting

B=[]omy, A=) (Nh)-0iDh)’ [ | DR,

i C+i

and define
Y\o =2A-B. (13)

Since B > 0 on R, this polynomial has the sign of 2E — 1, which is at most —7/8 when all tests pass and
at least 1/8 otherwise. The products defining A and B give the asserted degree bound. O

In our case of interest, the /;’s are the derivatives selected by an isolating fingerprint. The lemma
below shows that the resulting sign-conjunction polynomial has compact coefficient access. We adjoin
the always true test sgn(1) = 1, so the conjunction is nonempty even when the fingerprint is empty.

Lemma 6.22 (Compact access to a sign conjunction). Let (py)w be a family of nonconstant
monic squarefree polynomials in Q[x] with compact coefficient access.  Given a fingerprint

,] = [(jha—l)"' ~7(jt’ O—I)]y let
hl:p\(f\}h) (ISlSt)’ h[+]=1, 0-=(O-],...,O-t,1).

Choose U > 1 from the effective degree and coefficient bounds so that the separation condition
(Lemma 6.19) holds at every real root of p,. Then the polynomials Y, constructed in Lemma 6.21
Sform a family with compact coefficient access indexed by (w, 7).

The above lemma follows easily from the previous results in the section and CH closure results. We
defer the proof to Appendix D.4.

We can now use the sign-conjunction polynomial and our method of encoding parities using resultant
signs from Section 5 to test for the existence of a real root matching a given fingerprint.

Corollary 6.23 (Parity of a fingerprint). Let (p,, ) and  be as in Lemma 6.22, and denote its sign-
conjunction polynomial by ¥, . Define

Rw,q(t) = Resy (pw(x), "Pw,n (x) + t) .
This polynomial is nonzero. If v is its least nonzero coefficient index, then
sgn( [tV]RW,I]) — (_1)#{(16R:pw (a@)=0, @ matches 5} ) (14)

Deciding whether [t”|R,, 5 < 0 belongs to CH, uniformly in (w, ).
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Proof of the parity formula. By Lemmas 6.21 and 6.22, ¥, , is nonzero at every real root of p,, and is
negative exactly at the roots matching 7. Since p,, is monic and squarefree, we can apply Lemma 5.2
withn = 1 and F; = p,,. Homogenizing the second polynomial to any degree at least max{1, deg ¥\, ,}
gives the same resultant R,, ,, by the univariate product formula and monicity of p,,. The lemma
therefore gives nonvanishing and the claimed sign. We defer the proof of compact coefficient access and
CH containment to Appendix D.4. |

We are now ready to show that univariate real-root existence testing lies in CH.

Proof of Proposition 6.16. Accept the zero polynomial and reject nonzero constants using Lemma 6.7(6).
Otherwise, Lemma 6.7(5) gives the monic squarefree part p,, with the same roots; compute D = deg p,,
by Lemma 6.7(6). Guess a fingerprint 7 with at most [log, D] entries, rejecting malformed guesses and
indices outside [D]. Use Corollary 6.23 to accept exactly when an odd number of real roots match 7.
Acceptance implies that p,, has a real root. Conversely, if a real root exists, Lemma 6.18 supplies
an isolating fingerprint, which is accepted. The fingerprint has polynomial length in |w|, and the
preprocessing and parity test lie in fixed levels of CH. Existential quantification over the fingerprint
preserves membership in CH by Lemma 6.2. |

6.4 Completing the proof
We can now complete the proof of Theorem 1.13 by combining the results of the previous sections.

Proof of Theorem 1.13. Fix an input u. The instance is feasible if and only if Z has a real point, by
Lemma 6.13, if and only if every R, 4, 0 < a < K(u), has a real root, by Lemma 6.14. By Lemma 6.15,
the family (R, 4)u,o has compact coeflicient access. By Proposition 6.16, its real-root tests therefore lie
in one fixed level of CH. The index a has polynomial length, and the bound K () = 6n - 5"~! + 1 is
computable in polynomial time in binary. Thus the bounded universal quantifier over 0 < a < K(u) adds
at most one counting level by Lemma 6.2.

The construction uses a fixed number of arithmetic and quantifier stages, each adding a fixed number
of levels. All quantified strings and coefficient addresses have polynomial length. Thus the whole test

lies in C; P for a fixed &, and hence in CH. |
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A Proofs omitted from Section 3

A.1 Grid assignments

Proof of Lemma 3.3. We first give the encoding on an m X m grid for an arbitrary m X m matrix Z, with
m > 3. At position (Z, j) use the five states

S={(0,p,q) : p.,q €{0,1}} U {(1,0,0)}.

For a = (x, p, q), the bit x selects the matrix entry z;;; p records the number of selections earlier in
column j, and g the number earlier in row i. The state set ensures that both outgoing counts p + x and
g + x are at most one. Use a separate copy of S for each grid position.

Fori,j € [m], writei* =i+ 1ifi <mandi* = 1if i = m, and define j* analogously. For the factor
anchored at (i, j), with states a, b, ¢ at (i, j), (i*, j), (i, j*) respectively, set its tensor entry to zfj(a) if
all the following conditions hold, and to zero otherwise:

i=1 = p(a)=0, i=m = p(a)+x(a) =1,
Jj=1= gq(a) =0, j=m = q(a) +x(a) =1,
i<m = p(b) =p(a)+x(a), j<m = q(c) =q(a)+x(a).

Here z?. means the constant 1, including when z;; = 0. There is no compatibility test across the periodic

boundary: the boundary conditions supply the initial and final counts instead. Extend these entries
symmetrically and set all other entries to zero. The three grid positions uniquely determine the factor
and its anchor, so this symmetric tensor is well defined. Each entry is 0, 1, or z;;, and there are only 5m?
tensor indices.

For any state assignment satisfying the tests, the column recurrences give p(a;;) = >, .; x(ap;), and
the final boundary condition gives }’; x(a;;) = 1. Similarly, each row has exactly one selection. Thus the
selected positions form a permutation matrix. Conversely, a permutation matrix uniquely determines all
the states by these prefix sums and satisfies every test. Its weight is []; z; »(;), since the factor anchored
at (i, j) contributes exactly the weight of that position. Thus its assignment sum is

Z ﬁzi,o-(i) = per(Z).
oeSy, i=1

This proves the polynomial identity. On 0/1 inputs, nonzero-weight assignments correspond bijectively
to perfect matchings of the matrix’s bipartite graph. For an n X n input Z, choose the smallest m =
m(n) =3" + 1> n withr > 1, and define A,,(Z) by applying this encoding to

7' =diag(Z, In—,).

Since per(Z’) = per(Z), the padding preserves the permanent and 0/1 entries. The smallest such m is
O (n), so the padding and encoding have polynomial size. O

A.2 Coefficient expansions and VNP membership

A common coefficient expansion. Let &y, ..., h, be homogeneous forms of positive assigned degrees
d=(dy,...,d,), with coeflicients in a polynomial ring over Z; zero forms are allowed. Write

Q1) = Rf:sd(x;l1 +thy,... ,x;‘f" +thy), as = [°]Q(1).

Setd =1+2;(di—1)and M ={e € Z_ : }; e; = 6}. Every corresponding monomial is divisible by

some x?", soputi(e) = min{i : ¢; > d;} and define

Cep = [xPeti@ci@ ]y ), (15)
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where e; is the ith standard unit vector and a coefficient with a negative exponent is zero. Using the same
. . . —dines die
ordering for rows and columns, row e of I + tC is the coefficient vector of x¢~4it)¢(e) (x. (;)) +thie))-

Let M’ consist of the monomials divisible by at least two distinct pure powers xlfil’, and set C' = C[M’].
Macaulay’s formula [Stal8, Theorem 1.8 and its preceding construction] gives

_ P

Q1) = R(1)

P(1) = det(I +tC), R(t) = det(1 +tC’). (16)
The constant terms are P(0) = R(0) = 1, so the denominator is invertible as a formal power series.
Write P(1) = % pjtj and R(1) = 2 r jtj . The principal-minor expansion gives

Pj= Z Z sgn(ﬂ)ﬁce(v>,e<n(v>), (17)
v=1

ScM ﬂ'GSj

IS|=j
where e(!) < ... < e\ lists S; the formula for r j restricts S to M’. Expanding 1/R(¢) geometrically
yields

r

ay = >, i e (18)

720, #20, ki,....ky 21 u=1
Jtki+-+ky=s
The empty product contributes p. After expanding each minor, a term is specified by its sorted row lists
and permutations. Their total number of rows is s, and each row index uses O (nlog(é + 1)) bits. Thus,
for unary s, terms have polynomial-length descriptions even though the matrices may be exponentially
large. Each term is a signed product of s entries of C.

Symbolic coefficients.

Lemma A.1 (Membership of coefficient families). For arbitrary polynomially bounded dimensions n
and coefficient indices s > 0, the family {®,, s} on symmetric cubic tensors belongs to VNP over C.

Proof. Apply Equation (18) with d; = 2 and h; = ZC’,WZI AjywXyXyw. Thenag = @, , 06 =n+1, and
each entry of C is zero, a tensor variable, or twice a tensor variable, determined by Equation (15).

A function is in GapP if it is the difference of two #P functions [For97]. By Valiant’s coefficient
criterion [FPV 15, Proposition 1], it suffices to show that

(1", 1%, e) ¥ [a°] Dy 5 (a)

is in GapP, where a lists the independent symmetric tensor entries. The degree is at most s, and there
are at most n°> variables.

Use the polynomial-length term descriptions above, treating each entry 2a as two copies of a. Given
(1,15, e), one can check a description, its sign, and whether its product has exponent vector e in
polynomial time. Use canonical padding for the lists so that each description has a unique fixed-length
encoding. The coefficient is the number of positive descriptions minus the number of negative ones, hence
is a GapP function. For arbitrary polynomially bounded choices of n and s, hardwire these parameters
in the circuits, as permitted by our nonuniform convention, to obtain the stated VNP membership. m|

Together with Theorem 3.2, this proves the VNP-completeness assertion of Theorem 1.7.

B Proofs omitted from Section 4

B.1 Dyadic determinant evaluations

Proof of Lemma 4.4. Start with A,,(Z) and add one dummy index per grid position. On one distinguished
triangle, multiply the original entries by @ and give the all-dummy entry weight 8. On every other
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triangle, keep the original entries and give the all-dummy entry weight one. Set mixed original-dummy
entries and unsupported entries to zero, and extend by symmetry. Connectivity forces every contributing
assignment to use original indices throughout or dummy indices throughout. These sectors have total

weights @ per(Z) and B, respectively. The construction has polynomial size and entry bit length. m|
Low-degree coefficients. Let &y,..., h, be explicitly listed integer homogeneous forms of positive
assigned degrees d = (di,...,d,); zero forms are allowed. Use Q(¢), ay, and the Macaulay matrices

from Appendix A.2. For quadratic forms coming from a tensor A, the coefficients a; are @, ;(A).

Lemma B.1 (Low-degree coefficients). Given these forms and a unary integer s, the integer as is a
GapP function, has polynomial bit length, and can be computed in FPPP.

Proof. Use the term descriptions in Equation (18). Given row and column indices, Equation (15)
computes the matrix entry by a coefficient lookup in the explicitly listed /;. Validity of the indices and
membership in M’ are also polynomial-time tests. This remains true for binary-encoded degrees and
exponents, since log ¢ is polynomially bounded in the input length.

Each term uses s row indices and has a signed integer weight equal to a product of s input coefficients.
Both its description length and its weight’s bit length are polynomially bounded. Use fixed-length
encodings with canonical padding; invalid encodings have weight zero. Thus a; is a signed weighted
count, hence a GapP function. The same bounds give polynomial bit length for a,, and such counts can

be computed in FPPP. O
Prime-adic precision.
Lemma B.2 (Prime-adic pure-power systems). Let p be a supplied prime, and let f1, . . ., f, be explicitly

listed integer homogeneous forms of a common positive degree d. Suppose every mixed-monomial
coefficient is divisible by p, so

n
fi= Z Ml-jx;l (mod p).
Jj=1

Here M;; = [xj.l] fi is the integer pure-power coefficient matrix. Given the modulus p* explicitly in
binary, computing Res(fi, ..., f,) mod p¥ is in FPPP.

Proof. Write f = (fi,..., f,) and put E = d"~', so the total coefficient degree is nE. The pure-power
coeflicient matrix M and the integer £ have polynomial-size binary descriptions. Also k is at most the
bit length of the explicitly supplied modulus.

Suppose first that M mod p is singular. A nonzero row dependence can be normalized to give
coeflicient one on one selected row. Add the prescribed multiples of the other rows to that row. This is
an integer equation transformation of determinant one, after which every coefficient of the selected form
is divisible by p. The resultant is unchanged by this row operation and is homogeneous of degree E in
that form’s coefficients. Hence

PE I Res(fi,.... fu). (19)
If £ < E, the requested residue is zero. If k > E, then nE < nk is polynomially bounded. Lemma B.1
computes the entire resultant as the coefficient of degree nE in Res(xf +2f1, .. x4 + 2£,); reduce it

modulo pk.

Suppose instead that M mod p is invertible. Compute an integer lift U of M~! mod p* by modular
Gaussian elimination. Its determinant is a unit modulo p*. Equal-degree resultants satisfy the equation-
change identity

Res(Uf) = det(U)E Res(f).

It follows from invariance under elementary row additions and homogeneity under row scaling, and hence
holds as an integer polynomial identity. Reduce the coefficients of U f modulo p*. The pure-power
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coeflicients become those of (xf' ..., x4); the mixed coeflicients remain divisible by p. Therefore the
reduced system has the form (xf’ + ph;)iL,, with integer forms £; of polynomial description size.

Leta, = [7"] Res(xld +zhy,... ,xﬁ + zhy,). Integrality of the resultant gives
k-1
Res(f) = det(U)"E Z a-p”  (mod pk). (20)
r=0

There are only k coeflicients to compute, each covered by Lemma B.1. The inverse determinant and
its binary exponentiation are polynomial-time modular operations. Thus the whole computation is in
FPPP. o

C Proofs omitted from Section 5

Lemma C.1. Given positive integers ay, . . ., a, and a positive target T in binary, counting subsets with
sum exactly T is #P-complete under parsimonious reductions. Deciding whether this count is odd is
®P-hard under polynomial-time many-one reductions.

Proof. Given a 3-CNF formula, construct an exact subset-sum instance as follows. Use one base-ten
digit position per variable and per clause. For each variable make two items, corresponding to its two
truth values. Each has digit one at that variable and, at each clause, the number of literal occurrences
made true by that value. For each clause also make two slack items with only that clause digit nonzero,
respectively one and two. The target has digit one at each variable and four at each clause.

There are no carries: even selecting all items gives at most two in a variable column and six in a
clause column. The target therefore forces exactly one truth item for each variable. A clause with j
true occurrences needs slack 4 — j; for j = 0 this is impossible, and for j = 1,2, 3 it has exactly one
representation by a subset of the two slack items. Thus subsets of the target sum correspond bijectively
to satisfying assignments. All items and the target are positive and have polynomial bit length. One may
ensure a nonempty variable set by adjoining a variable forced to be true.

The counting and parity hardness of 3-SAT follow directly from their witness definitions: a
polynomial-time Boolean predicate on witness bits has a polynomial-size Boolean circuit; introduce
a variable for each gate, impose its truth table by clauses of width at most three, and require the output
to be true. Each accepted witness has exactly one extension to the gate variables, so this transformation
preserves the count.

The exact subset count is in #P by guessing the subset. O

Proof of Lemma 5.1. For the exact subset count N, (T) from Lemma C.1, append an item of weight T to
a to obtain b, and then an item of weight one to obtain w. Since all original weights are positive, the new
item of weight T contributes exactly one additional subset of sum 7: Np(T') = N4(T) + 1. Therefore

Ky (T) = Ky (T) + Kp (T = 1) = Na(T) + 1 + 2Kp (T — 1).

Thus K,, (T) is even exactly when N, (T) is odd. The added weights have polynomial bit length, proving
the claim. |

D Proofs omitted from Section 6

D.1 Polynomial arithmetic in CH

We use a common transfer principle for both proofs. Put L = |w|. For polylogtime-uniform, constant-
depth threshold circuits of size 2P°Y(L) | gate addresses have polynomial length and the wiring is com-
putable in polynomial time. If their input bits have fixed-level CH access, so do their output bits: apply
the gate-depth induction of [AGS26, Lemma 6.3], using the input predicate at the leaves. For circuits
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of polynomial size in the expanded input length, this is precisely the composition principle of [AGS26,
Lemmas 6.5-6.6]. A fixed number of such stages, together with polynomial-time fixed-level oracle
computations, stays in CH by Lemma 6.2. Polynomial-length circuit parameters and output addresses
may themselves be computed with a fixed-level CH oracle and then supplied as auxiliary inputs to the
uniform evaluator. If their computation uses a C;P oracle and the evaluator’s bit predicate lies in CP,
the composition lies in

PCmax{j’k}P c Cmax{j,k}+1P

by Lemma 6.2.

For weakly division-free, constant-free arithmetic circuits of constant depth, [AGS26, Lemma 6.1]
supplies the threshold simulation and bounds the numerator and denominator bit lengths by a polynomial
in the input bit-length bound and circuit size. These bounds remain singly exponential here. For
polynomial-size threshold circuits, their output lengths give the corresponding bounds directly. We
always allow unreduced fractions and make their denominators positive. Thus it suffices below to
identify the uniform circuits and check the degree and size bounds.

Proof of Lemma 6.7. Fix effective bounds D, H, M < 2P°Y(L) on input degrees, coefficient numerator
and denominator bit lengths, and the number of summands or factors. The padded coefficient arrays have
singly exponential length and compact bit access, uniformly in all indices.

For Lemmas 6.7(1) and 6.7(2), clear positive common denominators by iterated integer multiplication
and division, then use integer addition and iterated polynomial multiplication. These operations have
uniform TCY circuits by [HABO2, Corollaries 6.3 and 6.5]; see also [AGS26, Theorem 2.12 and Sec-
tion 2.3] for the rational representations. Their sizes and output lengths are polynomial in the expanded
input length. The degrees are at most D for sums and M D for products, so the transfer principle applies.

For Lemma 6.7(3), use

IR = 1R | [ (e +a).
a=1

Return zero if e + r > D; otherwise the product has at most D factors, each of polynomial bit length,
and is covered by iterated integer multiplication. The empty product is 1.

For Lemmas 6.7(6) and 6.7(7), a coefficient is zero exactly when all its numerator bits vanish.
Quantification over polynomial-length coefficient and bit addresses therefore tests whether the polynomial
is zero or has a nonzero coeflicient above a given index. Binary search finds its degree using polynomially
many fixed-level oracle queries; a nonzero coefficient’s sign is its stored sign. Monic normalization in
Lemma 6.7(4) then divides each coefficient by the leading coefficient, using integer multiplication on
their rational representations.

For Lemma 6.7(5), clear denominators in F,,, F;, and apply the uniform GCD circuits of [AGS26,
Lemma 6.13]. After clearing denominators in the resulting gcd, compute its actual degree using
Lemma 6.7(6). Use this as the divisor-degree parameter for integer pseudodivision [AGS26, Theo-
rem 2.12(4)], so the designated leading divisor coefficient is nonzero. The remainder is zero, and the
pseudoquotient is a nonzero scalar multiple of F,,/gcd(F,,, F,). Monic normalization removes this
scalar and yields the required squarefree part. These operations have polynomial-size circuits in their
expanded inputs and do not increase polynomial degrees. Only a fixed number of stages is used, so all
output families satisfy the effective bounds of Definition 6.3 and have compact coefficient access. |

Proof of Lemma 6.9. Fix effective bounds D, H < 2P°Y(L) on input degrees and coefficient numerator
and denominator bit lengths. For Lemma 6.9(1), determine the degrees in x over Q[¢] by the zero tests
and binary search used above, now quantifying also over coeflicient indices in . With these degrees,
[AGS26, Lemma 6.10] supplies polylogtime-uniform TC circuits over Q[¢], of polynomial size in the
expanded input length. The transfer principle gives compact access and singly exponential coefficient
bit lengths. The Sylvester matrix gives deg, R,, < 2D?. If one input has degree zero in x, the resultant
is that input raised to the degree of the other; if both do, it is 1. These cases follow from Lemma 6.7.
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For Lemma 6.9(2), put

P= Zn: [ |a; < 2P

i=1 j#i
Multihomogeneity of the resultant gives deg, R,, < PD. Since the d; are bounded by a fixed constant,
each form has polynomially many monomials in x; including the coefficients in ¢, its expanded represen-
tation has singly exponential length. For n > 2, [AGS26, Corollary 5.13] supplies polylogtime-uniform,
weakly division-free, constant-free arithmetic circuits of constant depth for the resultant coefficients.
Their size is at most (P(D + 1))PoY (") = 2Pl (L) The arithmetic simulation and transfer principle above
give compact access and effective singly exponential numerator and denominator bit-length bounds. For
n = 1, the resultant of a(t)x;'l1 is simply a(¢). Thus both output families satisfy Definition 6.3, with
access uniform in w. O

D.2 Constructing a finite set witnessing feasibility

A function P: R" — R is coercive if P(z) — +o0 as ||z|| — oo.
We state the minimum bound of Jeronimo, Perrucci, and Tsigaridas [JPT13] in their formulation and
derive Lemma 6.11 from it.

Theorem D.1 ([JPT13, Theorem 2.10]). Let n > 2 and let d be a positive even integer. Let T = {x €

R"| filx) =--- = fi(x) =0, fis1(x) 2 0,..., fin(x) = 0} be defined by polynomials fi,..., fm €
Z[x1,...,xn] with degrees bounded by d and coefficients of absolute value at most H, and let C be a
connected component of T. Let g € Z[xy,...,Xxn] be a polynomial of degree dy < d and coefficients of

absolute value bounded by Hy < H, and let gmin,c be the minimum value that g takes over C. Assume
that the set Crin = {z € C | g(2) = gmin,c } is compact. Then guin,c is an algebraic number of degree at
most 2"~ 1d" and, if it is not zero, its absolute value is greater than or equal to (24_%151 d”)_”2nd", where
H = max{H,2n + 2m}.

Proof of Lemma 6.11. Since P is continuous, each sublevel set {x € R" : P(x) < c} is closed, and by
coercivity there is R with P(x) > ¢ for all ||x|| > R, so it is contained in the closed ball of radius R,
hence bounded and compact. Let m = infgs P. Then m is finite: m > 0 since P > 0, and m < P(0) < o0
since P is real-valued. By definition of the infimum, for each k > 1 there is x; with P(xy) < m + 1/k;
this (x;) is a minimizing sequence, with P(x;) — m. It eventually lies in the compact set {P < m + 1},
so some subsequence converges to a point x*, and continuity gives P(x*) = m. Thus the minimum is
attained and the minimizer set P~'({m}) is nonempty; it is closed and contained in {P < m + 1}, hence
compact. If P has no real zero then, P being nonnegative, ming» P > 0. Let 2" with 4 > 1 bound the
absolute values of the integer coefficients. Apply Theorem D.1 with T = C = R" (using the tautological
inequality 1 > 0), n > 2 by the global assumption of Section 6, g = P (of degree at most 4), d = 4, and
H =2". With H = max (2", 2n + 2) this bounds a nonzero minimum from below by (24" 2H 4my—n8"
so a sufficient choice is

B =n8"(h + [logy,(2n +2)] + 2n + 6). 21)

This integer is computable in polynomial time and has polynomial binary length, so B < 2P°Y(L) O

Polynomial-time access to the initial families. Recall the polynomials Q,,, H,,, and G, ; constructed
in Section 6. As in that section, write L = |u| and suppress # when discussing a fixed instance.

The reduction in Lemma 6.10 is polynomial-time, and the n = 1 case is decided in polynomial
time. Forming the quartic Q from the explicit quadratic forms also takes polynomial time. These initial
coefficient bits are therefore accessible in P = CyP.

The explicit formula in Equation (21) computes B in polynomial time in binary. The dyadic y = 278
has P-decidable addressed bits: its numerator is 1, and its denominator has its only nonzero bit at
position B. The constants y/4 and y /2 are obtained by shifting this position. The family (H,,), still has
coefficient-bit access in P: its coefficients of degree at most four are those of Q,,, and its only additional
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nonzero coefficients are 2~ (8*2) at the monomials xf’. These degree ranges are disjoint, and the new

denominator has just one nonzero bit. Its degree is six and its coefficient bit lengths are O (B + poly(L));
individual addressed bits are computable in polynomial time even though the full denominators may be
exponentially long.

The whole family (G, ;),.; also has coefficient-bit access in P. Since Q(0) = 1, the only coefficient
changed in passing from H to G is the constant term,

2B+1_1
1-y/2= Bl

whose numerator has exactly B + 1 consecutive 1-bits. Fori > 2,

3 s
G; = 8lQ + Wxi .
The coefficients of d;Q are polynomial-length integers computable in polynomial time and occur only
in degrees at most three. The additional degree-five coefficient has numerator 3 and a power-of-two
denominator. Thus each addressed coeflicient bit is computable in polynomial time, uniformly in (u, i),
with the same singly exponential bit-length bounds.

D.3 Constructing the univariate polynomial preserving feasibility

Proof of Lemma 6.15. For valid indices, a < K(u) = 6n - 5"~! + 1 has polynomial bit length in |u],
as do the powers a’ for 1 < i < n. The coefficients of the G; have polynomial-time bit access, and
homogenization only reindexes those coefficients. The coefficients of rxy — £, (x) are also computable
in polynomial time, uniformly in (u,a). Each R, , is one parameterized resultant with polynomially
many variables, constant assigned degrees 6,5, ..., 5, 1, and the single parameter . The degree 6 - 5!
and the resultant coefficient-bit bounds from Lemma 6.9 are singly exponential. Apply Lemma 6.9(2)
with index (u, a). The input is the homogeneous family (GZ e GZ’n, txg — €4(x)), viewed as forms

in xo, . . . , X, with the parameter ¢; the output is the univariate family (Ry,4(?))u,qa- The lemma supplies
each addressed coeflicient bit of this output family in one fixed level of CH, uniformly in (u, a). m|

D.4 Univariate real-root testing

Proof of Lemma 6.19. Suppose every coeflicient of p has a numerator and positive denominator of
bit lengths at most H’. Then every derivative p/), 0 < j < D, admits coefficient representations with
numerator and positive denominator bit lengths at most H = H' + D[log,(D +1)]+2. Let g € Q[x] have
degree at most d. Suppose every coefficient numerator and positive denominator of both polynomials
has magnitude at most 27, where H > 1. We will show that the integer

U=8(D+d+2)*(H+[logy(D +d+2)] +1)

satisfies 27V < |g(@)| < 2Y at every complex root @ of p with g(«) # 0.

Clear denominators separately, writing P = ap and G = bg with positive integers a, b that are
products of the individual denominators. The nonzero integer polynomial Res, (P, by — G) has every
g(a@) as aroot. Its Sylvester matrix has size at most D + d; the entries are affine polynomials in y.
Each entry has coeflicient absolute sum bounded by 2(P+4+3)H+1 The determinant expansion therefore
bounds every resultant coefficient by (D + d)! 2P+ (D+d+3)H+1) “which is at most 2Y~2. Remove
any power of y from this resultant. Its constant and leading coefficients are now nonzero integers. The
elementary Cauchy bound gives |p| < 1 +2Y~2 for its roots; applying the same bound to the reciprocal
polynomial gives |p| > (1 +2Y~2)~!. These imply the asserted bounds. The constant-polynomial case
for g obeys the same estimate.

Applying this bound with g = p/) and replacing the degrees and coefficient bit lengths by the
family’s fixed effective upper bounds gives a common U < 2P°Y(L) computable in binary in polynomial
time from w. |
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Proof of Lemma 6.20. Set k = [logg(2/€)] and define

U U
Pi(x) = J_IU(x +20)2k p_(x) = .I_IU(x — )2,
o

J==

Let N =P, —-P_,D =P, +P_,and S = N/D. These polynomials have rational coefficients and
degree at most 2k(2U + 1) = O(Ulog(1/g)). For real A, both P.(1) are nonnegative and cannot
vanish simultaneously. Thus D (1) > 0 and |S(1)| < 1. Moreover P,(0) = P_(0), so S(0) = 0. For
27V <2 <2Y, choose a dyadic scale a = 2/ € [1/2,4] with—U < j < U. Then [(1—a)/(A1+a)| < 1/3,
while every other factor ratio is at most one. Consequently

U

_2P_()
IS - 1= 5@ 2j]:[u

2k

_2J
-2 <2.9%<g.

A+27

The negative case follows from P, (—1) = P_(2) and S(-1) = -S(1).
To bound the coefficient bit lengths, multiply P. by the common positive denominator C =
This gives the integer polynomials

QKU (U+1).

U U
CP.(Q) = ]_[(2’1 + 1)k ]_[(/1 +27)2k,

r=1 j=0

The sum of the absolute values of the coefficients of a product is at most the product of the corresponding
sums for its factors. Thus every coefficient of C P.. has absolute value at most

U U
n(zr + 1)2k l_l(l + 2j)2k < 20(k(U+1)2).
r=1 j=0

The same bound holds for CN and CD, and C itself has O (k(U + 1)?) bits. Since k = O(log(1/¢)) and
U > 1, these representations give the claimed coefficient bit-length bounds. |

Proof of Lemma 6.22. Write v = (w, n) for the combined index and put s = ¢ + 1. By Lemma 6.7(3),
the selected derivatives h; = p&{i) have compact coefficient access uniformly in v and i; the last test is
h:+1 = 1. The requested signs are read from 7, followed by 1. Validity of the derivative indices can be
checked using Lemma 6.7(6); invalid indices may be assigned a fixed constant polynomial.

Choose U from the family’s effective bounds as in the proof of Lemma 6.19. It is computable
in polynomial time in binary and is singly exponential in |v|. For & = 1/(4s), the construction in

Lemma 6.20 uses
U
Pi(hi(x)) = l—[ (hi(x) +27)%, k = [loge(8s)] = O(log(s + 1)).
j=—U

The dyadic constants +2/ have polynomial-time coefficient-bit access. By Lemmas 6.7(1) and 6.7(2),
these products therefore have compact coefficient access: first form the factors h;(x) + 2/, then take
one iterated product, repeating each factor 2k times. All factor indices have polynomial length in |v|.
Taking the difference and sum gives N'(4;) and D(h;). The formulas for A, B, and ¥, » = 2A — B in
Lemma 6.21 use only a fixed number of further sum and product stages.

For completeness, let Dy and Hy be effective upper bounds on the degrees and coefficient numerator
and denominator bit lengths of the 4;. Each dyadic product has degree at most 2k (2U + 1) Dg. Clearing
the denominators of its factors and bounding the sum of the absolute values of the coefficients shows that
its coefficient bit lengths are polynomial in k, U, Do, Hy. The squares, products, and sum in A and B give
final degree and bit-length bounds polynomial in s, k, U, D, Hy, hence singly exponential in |v|. Thus
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all intermediate polynomials satisfy the required size bounds. Since the number of arithmetic stages is
fixed, the resulting family has compact coeflicient access in a fixed level of CH, uniformly in (w, ).
The same argument applies to any polynomially many test polynomials with compact coefficient
access, provided the requested signs and binary U are computable in polynomial time from the input
index. O

Proof of the complexity claim in Corollary 6.23. By Lemma 6.22, the family (¥, ;)w,, has compact
coefficient access. Applying Lemma 6.9(1) to p,,(x) and ¥\, ,(x) + ¢ gives compact coefficient access
to Ry, 5 (1), uniformly in (w, ).

The univariate product formula shows that R,, ; is monic of degree deg p,,, so a nonzero coefficient
exists. By Lemmas 6.2 and 6.7(7), testing whether any coefficient at or below a given index is nonzero
belongs to CH. Binary search over the effective degree bound therefore finds the least nonzero coefficient
index v in polynomial time with an oracle in a fixed level of CH. Finally, Lemma 6.7(7) determines
whether [tV]R,, ,; < 0. These computations use only a fixed number of counting levels, proving the
claim. O

E Parity hardness of univariate resultant signs

The same sign approximation and resultant-sign principle also give a lower bound for two univariate
polynomials represented by arithmetic circuits.

An integer constant-free arithmetic circuit has inputs x and 1 and gates for addition, subtraction, and
multiplication. It computes a polynomial in Z[x]; constants such as 0, 2, and 3 are constructed from
1. We also use the straight-line-program (SLP) terminology. The negative and positive resultant-sign
problems ask whether Res,(p,g) < 0 or Res,(p,g) > 0, respectively, for nonzero polynomials of
positive degree given by such circuits.

We reduce from Parity Circuit SAT, which asks whether #SAT(C) = Xpc 0,13 C(b) is odd for a
Boolean circuit C with m inputs and s gates. We use fan-in-two AND and OR gates, unary NOT gates,
and Boolean constants. We may assume m, s > 1: a dummy input constrained to zero preserves the
number of satisfying assignments, and a dummy gate can be inserted if needed. Parity Circuit SAT
is @P-complete: accepting computation paths are encoded bijectively by satisfying assignments of a
polynomial-size Boolean circuit, with unused nondeterministic choices forced to zero.

Theorem E.1. The negative and positive resultant-sign problems for univariate integer polynomials
given by constant-free arithmetic circuits are ®P-hard under deterministic polynomial-time many-one
reductions, even with the promise that the resultant is nonzero. More precisely, from a Boolean circuit
C on m inputs with s gates one can construct, in time polynomial in m + s, constant-free circuits for
Pm> Pc € Z[x] such that

Pm = Tom, size(pm) = O(m),
Res, (pm, Pc) # 0, size(®¢) = O(m(m + s) +5),
sgnResy (P, @c) = (—1)*ATC),

Both polynomials have positive degree. The 2™ roots of py, are real and simple, and p,,, depends only
on m.

E.1 Chebyshev roots and Boolean assignments

Define
Ro(x) =x,  Riy1(x) = 2R;(x)* - 1. (22)

Thus R; = T,:, and the shared circuit for Ry, ..., R;, has size O(m). Induction gives deg R,,, = 2" and
Ic(R,) =22""1>0.
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Lemma E.2. Put p,, = R,,and Z = {a € R : p,,(@) = 0}. The polynomial p,, has 2" simple roots, all
in (-1,1), and
a+— b(a), bi(a) =1[R;(a) <0] (0<i<m),

is a bijection from Z to {0, 1}™. At every such root,
270D < |Ri(a) <1 (0 <i<m). (23)

Proof. Write g(u) = 2u®> — 1. Given b € {0, 1}, set y,,, = 0 and, working backwards, put

[1+y;
yi:(_l)bi % (i=m-1,...,0).

Every y; with i < m lies in (=1,1) \ {0}, and ¢(y;) = yi+1. Hence @ = yq satisfies R;(a) = y; and
pm(a@) = 0, with precisely the prescribed signs. Different sign vectors give different roots. Their number
equals deg p,,, = 2", so these are all the roots and they are simple.

For the separation bound, let u = R;(a) and r = m —i > 1. The map ¢ is 4-Lipschitz on [—1, 1],
maps that interval into itself, and |¢°" (0)| = 1. Since ¢°" (u) = 0,

1=1g" (1) - ¢°"(0)| < 4" g (u) — q(0)] = 2 - 4" u|®.

Thus |u| > 2'/>7" > 277, proving the claim. ]

E.2 A polynomial for the Boolean predicate

For a real root a of p,,, the sign tests R;(a) < 0 encode its Boolean assignment. We approximate these
indicators and arithmetize C, then clear positive denominators to obtain a polynomial negative exactly

when C(b(a)) = 1. This uses the dyadic approximation from Appendix D.4, with U = m and accuracy
2—(s+5) .

Put k = s + 5 and define integer polynomials
m 2% A
_ m m+j _ _ _ -
P.(t) = (j]:_[m(z t+2 )) . A=P.. D=P.+P., r=_. (24)

Scaling each dyadic factor by 2" clears its denominator and leaves r unchanged. The even powers give
P.(t) = 0 for real t; their zero sets are disjoint, so D(¢) > 0 and 0 < r(¢) < 1. Moreover,

r(t) =1[t < 0]| <97k <276+ jf2=m < | < 2™, (25)

This is the approximation estimate proved in that appendix.
Set B;(x) = r(R;(x)). By Lemma E.2, atevery « € Z,

0<Bi(e) <1,  |Bi(a)—bi(a)| <e:=2"0")
Replace the inputs of C by the B; and its gates by
NOT(u) — 1 —u, AND(u,v) — uv, OR(u,v) > u+v—uv,

obtaining a rational function Hc. These operations preserve [0, 1]. On that interval, each gate’s error is
at most the sum of its incoming errors: for AND use uv — u’v’ = (u —u’)v + u’ (v —v’), and for OR use
OR(u,v) =1-(1 —u)(1 —v). A topological induction through the s gates therefore gives

1
|He(a) — C(b(a))| < 2°¢ = L 0<Hc(a) <1. (26)
This bound allows gates to reuse earlier outputs.
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We represent each rational function by a pair (N, D) of integer polynomials with D (x) > 0 for all
real x. The input B; has pair (A(R;), D(R;)), and the Boolean constants have pairs (0, 1) and (1, 1). For
u=N,/D,andv = N, /D,, use the exact updates

operation ‘ numerator—denominator pair
1-u (Dy — Ny, D)
uv (NuNy, DyD,)

u+v—-uv | (N,D,+N,D,—-N,N,, D,D,).

Every denominator remains positive on R; it need not be constant. The resulting pair (N¢, D¢) satisfies
HC = Nc/Dc. Define
®c(x) = (1+x%)(Dc(x) = 2Nc (v)). 27)

For a root & € Z, both 1 + o and D¢ (a) are positive, so @ () has the same sign as 1 — 2H¢ (a). By
Equation (26), if the assignment b («) satisfies C, then He (@) > 31/32 and ®¢ (@) < 0. If it does not
satisfy C, then Hc (@) < 1/32 and @ () > 0. Thus D¢ is negative exactly at the roots corresponding
to satisfying assignments. In particular, |1 — 2H¢ ()| = 15/16, and

sgn®@¢(a) = (-)CC@) Do (a) 0 (ac€ Z). (28)

In particular D¢ — 2N¢ is not the zero polynomial. The positive factor 1 + x? ensures deg ®¢ > 2,
including when C is constant.

The construction uses only constant-free arithmetic gates. Build the powers of two in Equation (24)
by successive doubling, and form both products at each R; before raising them to 2k by repeated
squaring. This uses O(m? + mlog(s + 1)) gates in total. The pair updates add O(s) gates, so the size
is O(m(m + s) + s) as claimed. All gates and wires can be listed in polynomial time; intermediate
polynomials and integer constants are stored as circuits and are never expanded.

E.3 The resultant sign

Proof of Theorem E.I. The preceding construction gives the circuit bounds and positive degrees. All
roots of p,, are real and simple, and Ic(p,,,) > 0. Apply Corollary 5.3 withn = 1, F| = p,,, and ¥ = ®c.
The homogeneous resultant there is the ordinary univariate resultant when the actual degrees are used for
homogenization. By Equation (28) the resultant is nonzero, and the sign bijection in Lemma E.2 gives

sEnResy (P, @) = [ [ (~1)CCD) = (—1)Zoewaym C@) = ()#SATC),

ac”Z

Thus odd satisfying-assignment count is equivalent to a negative resultant.

For strict positivity, let E recognize the all-zero assignment and set C* = C & E. This adds O (m)
Boolean gates and changes the output at exactly one assignment. Hence #SAT(C*) = #SAT(C) + 1
(mod 2). Applying the construction to C* reverses the resultant sign, so odd satisfying-assignment count
is equivalent to a positive resultant. The circuit bounds and nonvanishing promise are preserved. O

The result concerns polynomials represented by constant-free arithmetic circuits. It does not require
or assert efficient access to individual bits of their expanded coefficients, nor membership of these sign
problems in ®P.

F Hilbert Nullstellensatz in AM

Proposition F.1. Let f = (f1,..., f;) be a system of polynomials in Z[xi,...,X,], given in sparse
binary encoding. Deciding whether f has a solution over C can be done in AM, assuming the QRH
bound in [CT26, Theorem 1.1].
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The proof follows from the methods of Koiran [K0i96] and a recent estimate [FSW26] that depends
on [CT26, Theorem 1.1]. In order to prove the above proposition, we first recall these results.

Theorem F.2 ([FSW26, Theorem 1.1]). Let K be a number field with degree dg = [K : Q], absolute
discriminant Dg = |disc(K)|, and ring of integers Ok. Let ng(x) be the number of nonzero prime
ideals of Ok of norm at most x. Assuming [CT26, Theorem 1.1], for all x > 2 we have

|7k (x) - Li(x)| < Cx*'**(log Dk + d logx),

X

where C > 0 is an absolute effectively computable constant and Li(x) is the logarithmic integral f dt
2

In(z)"

We now briefly recall the methods used by Koiran in [K0i96]. For x > 2, let
Sf(x) ={p <x: pisprime and f has a common zero over F, }.
The following theorem is the combination of results in [K0i96, Theorems 4, 5, and 7 and Lemma 3].

Theorem F.3. Let f = (fi,..., fr) € Z[x1,...,x,]" have sparse binary input length N, and let Sy (x)
be as above. There is a polynomial q, independent of f, such that, with B = 29\N) | the following hold.
If f has no common zero in C", then for each x > 2,

ISp(x)| < B.

If f has a solution over C, then there is a number field K and a common zero a = (ay,...,a,) € K" of
f such that
dg < B, logDk < B,

and there is a positive integer c¢ such that ca; € Ok for every i. The set E of rational primes dividing c
has size at most B.

We now prove Proposition F.1.

Proof. 1f the system f has no solution, then recall that by Theorem F.3, |[S¢(x)| < B. We will first
show that if f has a solution, then |Sf(x)| > 4B for large enough x. Then we show how checking this
dichotomy of |S¢(x)| is in AM. Let N be the sparse binary input length of f. In the satisfiable case,
choose K, the common zero a, the positive denominator ¢, and the finite set £ as in Theorem F.3. Let
Pk (x) be the set of non-zero prime ideals in Ok of norm at most x. Let p € Pk (x) be a prime ideal
above a rational prime p ¢ E,i.e., pNZ = (p). Then the inertia degree f, is defined as the residue-field
extension degree

Ok

fo = —:IFP].

p

Since p ¢ E, the image of ¢ in Ok /p is nonzero and hence invertible. Reducing the coordinates as ca; /¢
therefore gives a common zero of f over the finite field Ok /p. In particular, if f, = 1, then f has a
solution over F,,. So every such prime ideal p contributes to a prime p in Sy (x), and there are at most
dk prime ideals above each p. Write

Pllg’l(x) ={pePx(x): fo=1pNZ=(p)forsomep ¢ E}.

Therefore |SDI§ {ON/dg < 1Sp(x)].
Moreover, a prime ideal p with f, > 2 has norm at least p?. So there are at most dg+/x prime ideals
in Pk (x) of inertia degree at least two. Hence

|Pg 1 (x)| > 7k (x) — dgVx — dk B,
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where the dx B comes from the bound dk |E| < dg B on the number of prime ideals above the primes in
E. Therefore,

spl 2 ™Y _\r g
K
Now take x = B'?8. Since dx¢ < B and log Dk < B, the error term in the estimate for mg (x) in
Theorem F.2 is O(B'? log B), and Li(x) > x/(2 log x) for all sufficiently large x. Thus, for all sufficiently
large B,
mk (x) B 125 64
— - Vx-B>_—"——-0(B“logB) - B - B >4B. 29
PR 25610z OB T loeB) 29
Enlarging the constant term of ¢q if necessary makes B large enough for this bound to hold for every N.
Hence
S unsatisfiable = [Sy(x)| < B, S satisfiable = [Sy(x)| > 4B. (30)

Let £ = [log,(x + 1)]. Since the required x for Equation (29) to hold is 2P°YN), ¢ = poly(N).
Represent each integer from 0 to x by its binary expansion padded to length £, and view S z(x) as a subset
of {0, 1}¢. Membership in this set is in NP. Given a string representing an integer p, a witness consists of
a primality certificate for p and a common zero of f over F,,. The verifier also checks 2 < p < x. Since
¢ = poly(N), the witnesses have polynomial length. Evaluating the sparse input polynomials modulo p
takes polynomial time, using repeated squaring for the binary exponents.

The Goldwasser—Sipser set-size lower-bound protocol [GS86] distinguishes in AM the two cases of
the dichotomy for |Sy(x)| in (30); see also [AB09]. Apply it with threshold 2B and universe {0, 1}¢.
The protocol uses only B and x, both computed from N, and does not need to construct K. Hence
HN¢ € AM. m]
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